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Abstract. The statistical structure on a manifold M is predicated upon
a special kind of coupling between the Riemannian metric g and a
torsion-free affine connection ∇ on the TM, such that ∇g is totally sym-
metric, forming, by definition, a “Codazzi pair” {∇, g}. In this paper,
we first investigate various transformations of affine connections, includ-
ing additive translation (by an arbitrary (1,2)-tensor K), multiplica-
tive perturbation (through an arbitrary invertible operator L on TM),
and conjugation (through a non-degenerate two-form h). We then study
the Codazzi coupling of ∇ with h and its coupling with L, and the
link between these two couplings. We introduce, as special cases of K-
translations, various transformations that generalize traditional projec-
tive and dual-projective transformations, and study their commutativity
with L-perturbation and h-conjugation transformations. Our derivations
allow affine connections to carry torsion, and we investigate conditions
under which torsions are preserved by the various transformations men-
tioned above. Our systematic approach establishes a general setting for
the study of Information Geometry based on transformations and cou-
pling relations of affine connections – in particular, we provide a gener-
alization of conformal-projective transformation.

1 Introduction

On the tangent bundle TM of a differentiable manifold M, one can introduce
two separate structures: affine connection ∇ and Riemannian metric g. The cou-
pling of these two structures has been of great interest to, say, affine geometers
and information geometers. When coupled, {∇, g} is called a Codazzi pair e.g.,
[14,17], which is an important concept in PDEs and affine hypersurface the-
ory [7,8,10–12,15,16]. Codazzi coupling of a metric and an affine connection
is a defining characteristics of “statistical structure” [6] of the manifold of the
probability functions [1], where the metric-connection pair arises from a general
construction of divergence (“contrast”) functions [20,21] or pre-contrast func-
tions [2]. To investigate the robustness of the Codazzi structure, one would per-
turb the metric and perturb the affine connection, and examine whether, after
perturbation, the resulting metric and connection will still maintain Codazzi
coupling [13].
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2 J. Tao and J. Zhang

Codazzi transform is a useful concept in coupling projective transform of
a connection and conformal transformation of the Riemannian metric: the pair
{∇, g} is jointly transformed in such a way that Codazzi coupling is preserved, see
[17]. This is done through an arbitrary function that transforms both the metric
and connection. A natural question to ask is whether there is a more general
transformation of the metric and of the connection that preserves the Codazzi
coupling, such that Codazzi transform (with the freedom of one function) is a
special case. In this paper, we provide a positive answer to this question. The
second goal of this paper is to investigate the role of torsion in affine connections
and their transformations. Research on this topic is isolated, and the general
importance has not been appreciated.

In this paper, we will collect various results on transformations on affine
connection and classify them through one of the three classes, L-perturbation,
h-conjugation, and the more general K-translation. They correspond to trans-
forming ∇ via a (1,1)-tensor, (0,2)-tensor, or (1,2)-tensor. We will investigate the
interactions between these transformations, based on known results but general-
izing them to more arbitrary and less restrictive conditions. We will show how a
general transformation of a non-degenerate two-form and a certain transforma-
tion of the connection are coupled; here transformation of a connection can be
through L-perturbation, h-conjugation, and K-translation which specialzes to
various projective-like transformations. We will show how they are linked in the
case when they are Codazzi coupled to a same connection ∇. The outcome are
depicted in commutative diagrams as well as stated as Theorems. Finally, our
paper will provide a generalization of the conformal-projective transformation
mentioned above, with an additional degree of freedom, and specify the condi-
tions under which such transformation preserves Codazzi pairing of g and ∇.
Due to page limit, all proofs are omitted.

2 Transformations of Affine Connections

2.1 Affine Connections

An affine (linear) connection ∇ is an endomorphism of TM: ∇ : (X,Y ) ∈ TM×
TM �→ ∇XY ∈ TM that is bilinear in the vector fields X,Y and that satisfies
the Leibniz rule

∇X(φY ) = X(φ)Y + φ∇XY,

for any smooth function φ on M. An affine connection specifies the manner
parallel transport of tangent vectors is performed on a manifold. Associated with
any affine connection is a system of auto-parallel curves (also called geodesics):
the family of auto-parallel curves passing through any point on the manifold is
called the geodesic spray. The torsion of a connection ∇ is characterized by the
(1,2)-tensor torsion tensor

T∇(X,Y ) = ∇XY − ∇YX − [X,Y ],

which characterizes how tangent spaces twist about a curve when they are par-
allel transported.
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Transformations and Coupling Relations for Affine Connections 3

2.2 Three Kinds of Transformations

The space of affine connections is convex in the following sense: if ∇, ˜∇ are affine
connections, then so is α∇ + β ˜∇ for any α, β ∈ R so long as α + β = 1. This
normalization condition is needed to ensure that the Leibniz rule holds. For
example, 1

2∇XY + 1
2
˜∇XY is a connection, whereas 1

2∇XY + 1
2∇YX is not; both

are bilinear forms of X,Y .

Definition 1. A transformation of affine connections is an arbitrary map from
the set D of affine connections ∇ of some differentiable manifold M to D itself.

In this following, we investigate three kinds of transformations of affine con-
nections:

(i) translation by a (1,2)-tensor;
(ii) perturbation by an invertible operator or (1,1)-tensor;
(iii) conjugation by a non-degenerate two-form or (0,2)-tensor.

Additive Transformation: K-translation

Proposition 1. Given two affine connections ∇ and ˜∇, then their difference
K(X,Y ) := ˜∇XY −∇XY is a (1, 2)-tensor. Conversely, any affine connection ˜∇
arises this way as an additive transformation by a (1,2)-tensor K(X,Y ) from ∇:

˜∇XY = ∇XY +K(X,Y ).

It follows that a transformation T of affine connections is equivalent to a
choice of (1, 2)-tensor T∇ for every affine connection ∇. Stated otherwise, given
a connection, any other connection can be obtained in this way, i.e. by adding
an appropriate (1,2)-tensor, which may or may not depend on ∇. When the
(1,2)-tensor K(X,Y ) is independent of ∇, we say that ˜∇XY is a K-translation
of ∇.

Additive transformations obviously commute with each other, since tensor
addition is commutative. So additive transformations from a given affine con-
nection form a group.

For any two connections ∇ and ˜∇, their difference tensor K(X,Y ) decom-
poses in general as 1

2A(X,Y ) + 1
2B(X,Y ) where A is symmetric and B is

anti-symmetric. Since the difference between the torsion tensors of ˜∇ and ∇
is given by

T
˜∇(X,Y ) − T∇(X,Y ) = K(X,Y ) −K(Y,X) = B(X,Y ),

we have the following:

Proposition 2. K-translaton of an affine connection preserves torsion if and
only if K is symmetric: K(X,Y ) = K(Y,X).
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4 J. Tao and J. Zhang

The symmetric part, A(X,Y ), of the difference tensor K(X,Y ) reflects a
difference in the geodesic spray associated with each affine connection: ˜∇ and ∇
have the same families of geodesic spray if and only if A(X,Y ) = 0.

The following examples are K-translations that will be discussed in great
length later on:

(i) P∨(τ) : ∇XY �→ ∇XY + τ(X)Y , called P∨-transformation;
(ii) P(τ) : ∇XY �→ ∇XY + τ(Y )X, called P-transformation;
(iii) Proj(τ) : ∇XY �→ ∇XY +τ(Y )X+τ(X)Y , called projective transformation;
(iv) D(h, ξ) : ∇XY �→ ∇XY − h(Y,X)ξ, called D-transformation, or dual-

projective transformation.

Here, τ is an arbitrary one-form or (0,1)-tensor, h is a non-degenerate two-form
or (0,2)-tensor, X,Y, ξ are all vector fields. From Proposition 2, Proj(τ) is always
torsion-preserving, while D(h, ξ) is torsion-preserving when h is symmetric.

It is obvious that Proj(τ) is the composition of P(τ) and P∨(τ) for any τ .
This may be viewed as follows: the P-transformation introduces torsion in one
direction, i.e. it adds B(X,Y ) := τ(Y )X − τ(X)Y to the torsion tensor, but the
P∨ transformation cancels out this torsion, by adding −B(X,Y ) = τ(X)Y −
τ(Y )X, resulting in a torsion-preserving transformation of Proj(τ).

Any affine connection ∇ on TM induces an action on T ∗M. The action of ∇
on a one-form ω is defined as:

(∇Xω)(Y ) = X(ω(Y )) − ω(∇XY ).

When ∇ undergoes a K-translation, ∇XY �→ ∇XY +K(X,Y ) for a (1,2)-tensor
K, then

(∇Xω)(Y ) �→ (∇Xω)(Y ) − ω(K(X,Y )).

In particular, the transformation P∨(τ) of a connection acting on TM induces
a change of P∨(−τ) when the connection acts on T ∗M.

Multiplicative Transformation: L-pertubation. Complementing the addi-
tive transformation, we define a “multiplicative” transformation of affine con-
nections through an invertible operator L : TM → TM.

Proposition 3. ([13]) Given an affine connection ∇ and an invertible operator
L on TM, then L−1(∇X(L(Y ))) is also an affine connection.

Definition 2. Given a connection ∇, the L-perturbation of ∇, denoted variously
∇L, L(∇), or ΓL(∇), is an endomorphism of TM defined as:

ΓL(∇) ≡ L(∇) ≡ ∇L
XY ≡ L−1(∇XLY ).

Proposition 4. ([13]) The L-perturbations form a group such that group com-
position is simply operator concatenation: ΓK◦ΓL = ΓLK for invertible operators
K and L.
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Transformations and Coupling Relations for Affine Connections 5

Conjugation Transformation by h. If h is any non-degenerate (0, 2)-tensor,
it induces isomorphisms h(X,−) and h(−,X) from vector fields X to one-forms.
When h is not symmetric, these two isomorphisms are different. Given an affine
connection ∇, we can take the covariant derivative of the one-form h(Y,−) with
respect to X, and obtain a corresponding one-form ω such that, when fixing Y ,

ωX(Z) = X(h(Y,Z)) − h(Y,∇XZ).

Since h is non-degenerate, there exists a U such that ωX = h(U,−) as one-forms,
so that

X(h(Y,Z)) = h(U(X,Y ), Z) + h(Y,∇XZ).

Defining D(X,Y ) := U(X,Y ) gives a map from TM × TM → TM.

Proposition 5. Taking ˜∇XY := D(X,Y ) gives an affine connection ˜∇ as
induced from ∇.

Definition 3. This ˜∇ is called the left-conjugate of ∇ with respect to h. The
map taking ∇ to ˜∇ will be denoted Left(h). Similarly, we have a right-conjugate
of ∇ and an associated map Right(h).

If h̃(X,Y ) := h(Y,X), then exchanging the first and second arguments of
each h in the above derivation shows that Left(h) = Right(h̃) and Right(h) =
Left(h̃). When h is symmetric or anti-symmetric, the left- and right-conjugates
are equal; both reduce to the special case of the usual conjugate connection ∇∗

with respect to h. In this case, conjugation is involutive: (∇∗)∗ = ∇.
For a non-degenerate (but not necessarily symmetric or anti-symmetric) h,

if there exists a ∇ such that

Z(h(X,Y )) = h(∇ZX,Y ) + h(X,∇ZY ),

then ∇ = Left(h)(∇) = Right(h)(∇); in this case, ∇ is said to be parallel to
the two-form h. Because in this case, ∇ = Left(h̃)(∇) = Right(h̃)(∇), ∇ is also
parallel to the two-form h̃.

2.3 Codazzi Coupling and Torsion Preservation

Codazzi Coupling of ∇ with Operator L. Let L be an isomorphism of the
tangent bundle TM of a smooth manifold M, i.e. L is a smooth section of the
bundle End(TM) such that it is invertible everywhere, i.e. an invertible (1, 1)-
tensor.

Definition 4. Let L be an operator, and ∇ an affine connection. We call {∇, L}
a Codazzi pair if (∇XL)Y is symmetric in X and Y . In other words, the following
identity holds

(∇XL)Y = (∇Y L)X. (1)
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6 J. Tao and J. Zhang

Here (∇XL)Y is, by definition,

(∇XL)Y = ∇X(L(Y )) − L(∇XY ).

We have the following characterization of Codazzi relations between an invertible
operator and a connection:

Proposition 6. ([13]) Let ∇ and ˜∇ be arbitrary affine connections, and L an
invertible operator. Then the following statements are equivalent:

1. {∇, L} is a Codazzi pair.
2. ∇ and ΓL(∇) have equal torsions.
3. {ΓL(∇), L−1} is a Codazzi pair.

Proposition 7. Let {∇, L} be a Codazzi pair. Let A be a symmetric (1,2)-
tensor, and ˜∇ = ∇ + A. Then {˜∇, L} forms a Codazzi pair if and only if L is
self-adjoint with respect to A:

A(L(X), Y ) = A(X,L(Y ))

for all vector fields X and Y .

In other words, A-translation preserves the Codazzi pair relationship of ∇ with
L iff L is a self-adjoint operator with respect to A.

Therefore, for a fixed operator L, the Codazzi coupling relation can be inter-
preted as a quality of equivalence classes of connections modulo translations by
symmetric (1,2)-tensors A with respect to which L is self-adjoint.

Codazzi Coupling of ∇ with (0,2)-tensor h. Now we investigate Codazzi
coupling of ∇ with a non-degenerate (0,2)-tensor h. We introduce the (0,3)-tensor
C defined by:

C(X,Y,Z) ≡ (∇Zh)(X,Y ) = Z(h(X,Y )) − h(∇ZX,Y ) − h(X,∇ZY ). (2)

The tensor C is called the cubic form associated with {∇, h} pair. When C = 0,
then we say that h is parallel with respect to ∇.

Recall the definition of left-conjugate ˜∇ with respect to a non-degenerate
two-form h:

Z(h(X,Y )) = h(˜∇ZX,Y ) + h(X,∇ZY ). (3)

Using this relation in (2) gives

C(X,Y,Z) ≡ (h(˜∇ZX,Y ) + h(X,∇ZY )) − h(∇ZX,Y ) − h(X,∇ZY )

= h((˜∇ − ∇)ZX,Y ),

so that

C(X,Y,Z) − C(Z, Y,X) = h(T ˜∇(Z,X) − T∇(Z,X), Y ),
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Transformations and Coupling Relations for Affine Connections 7

or

(∇Zh)(X,Y ) − (∇Xh)(Z, Y ) = h(T ˜∇(Z,X) − T∇(Z,X), Y ).

The non-degeneracy of h implies that C(X,Y,Z) = C(Z, Y,X) if and only if ∇
and ˜∇ have equal torsions. This motivates the following definition, in analogy
with the previous subsection.

Definition 5. Let h be a two-form, and ∇ an affine connection. We call {∇, h}
a Codazzi pair if (∇Zh)(X,Y ) is symmetric in X and Z.

The cubic form associated with the pair {˜∇, h}, denoted as ˜C, is:

˜C(X,Y,Z) ≡ (˜∇Zh)(X,Y ) = Z(h(X,Y )) − h(˜∇ZX,Y ) − h(X, ˜∇ZY ).

We derive, analogously,

˜C(X,Y,Z) = h(X, (∇ − ˜∇)ZY ),

from which we obtain

˜C(X,Y,Z) − ˜C(Z, Y,X) = h(X,T∇(Y,Z) − T
˜∇(Y,Z)).

Summarizing the above results, we have, in analogy with Proposition 6:

Proposition 8. Let ∇ be an arbitrary affine connection, h be an arbitrary non-
degenerate two-form, and ˜∇ denotes the left-conjugate of ∇ with respect to h.
Then the following statements are equivalent:

1. {∇, h} is a Codazzi pair.
2. ∇ and ˜∇ have equal torsions.
3. {˜∇, h} is a Codazzi pair.

This proposition says that an arbitrary affine connection ∇ and an arbitrary
non-degenerate two-form h form a Codazzi pair precisely when ∇ and its left-
conjugate ˜∇ with respect to h have equal torsions.

Note that the definition of Codazzi pairing of ∇ with h is with respect to
the first slot of h, left-conjugate is a more useful concept. The left- and right-
conjugate of a connection ∇ with respect to h can become one and the same,
when (i) h is symmetric; or (ii) ∇ is parallel to h: ∇h = 0. These scenarios will
be discussed next.

From the definition of the cubic form (2), it holds that

(∇Z h̃)(X,Y ) = C(Y,X,Z) = (∇Zh)(Y,X)

where h̃(X,Y ) = h(Y,X). So C(X,Y,Z) = C(Y,X,Z) holds for any vector fields
X,Y,Z if and only if h = h̃, that is, h is symmetric.

Proposition 9. For a non-degenerate two-form h, ∇h = 0 if and only if ∇
equals its left (equivalently, right) conjugate with respect to h.
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8 J. Tao and J. Zhang

Note that in this proposition, we do not require h to be symmetric.
The following standard definition is a special case:

Definition 6. If g is a Riemannian metric, and ∇ an affine connection, the
conjugate connection ∇∗ is the left-conjugate (or equivalently, right-conjugate)
of ∇ with respect to g. Denote C(g) as the involutive map that sends ∇ to ∇∗.

This leads to the well-known result:

Corollary 7. {∇, g} is a Codazzi pair if and only if C(g) preserves the torsion
of ∇.

2.4 Linking Two Codazzi Couplings

In order to relate these two notions of Codazzi pairs, one involving perturbations
via a operator L, and one involving conjugation with respect to a two-form h,
we need the following definition:

Definition 8. The left L-perturbation of a (0, 2)-tensor h is the (0, 2)-tensor
hL(X,Y ) := h(L(X), Y ). Similarly, the right L-perturbation is given by
hL(X,Y ) := h(X,L(Y )).

Proposition 10. Let h be a non-degenerate (0, 2)-tensor. If ˜∇ is the left-
conjugate of ∇ with respect to h, then the left-conjugate of ∇ with respect to
hL is ΓL(˜∇). Analogously, if ̂∇ is the right-conjugate of ∇ with respect to h,
then the right-conjugate of ∇ with respect to hL is ΓL(̂∇).

Corollary 9. Let ˜∇ be the left-conjugate of ∇ with respect to h. If {∇, h} and
{˜∇, L} are Codazzi pairs, then {∇, hL} is a Codazzi pair.

The following result describes how L-perturbation of a two-form (i.e., a (0,2)-
tensor) induces a corresponding “L-perturbation” on the cubic form C(X,Y,Z)
as defined in the previous subsubsection.

Proposition 11. Let h(X,Y ) be a non-degenerate two-form and L be an invert-
ible operator. Write f := hL for notational convenience. Then, for any connec-
tion ∇,

Cf (X,Y,Z) = Ch(L(X), Y, Z) + h((∇ZL)X,Y ),

where Cf and Ch are the cubic tensors of ∇ with respect to f and h.

With the notion of L-perturbation of a two-form, we can now state our main
theorem describing the relation between L-perturbation of an affine connection
and h-conjugation of that connection.

Theorem 10. Fix a non-degenerate (0, 2)-tensor h, denote its L-perturbations
hL(X,Y ) = h(L(X), Y ) and hL(X,Y ) = h(X,L(Y )) as before. For an arbitrary
connection ∇, denote its left-conjugate (respectively, right-conjugate) of ∇ with
respect to h as ˜∇ (respectively, ̂∇). Then:
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Transformations and Coupling Relations for Affine Connections 9

(i) ∇hL = 0 if and only if ΓL(˜∇) = ∇.
(ii) ∇hL = 0 if and only if ΓL(̂∇) = ∇.

This Theorem means that ∇ is parallel to hL (respectively, hL) if and only
if the left (respectively, right) h-conjugate of the L-perturbation of ∇ is ∇ itself.
In this case, L-perturbation of ∇ and h-conjugation of ∇ can be coupled to
render the perturbed two-form parallel with respect to ∇. Note that in the above
Theorem, there is no torsion-free assumption about ∇, no symmetry assumption
about h, and no Codazzi pairing assumption of {∇, h}.

2.5 Commutation Relations Between Transformations

Definition 11. Given a one-form τ , we define the following transformation of
an affine connection ∇:

(i) P∨-transformation, denoted P∨(τ) : ∇XY �→ ∇XY + τ(X)Y ;
(ii) P-transformation, denoted P(τ) : ∇XY �→ ∇XY + τ(Y )X.
(iii) projective transformation, denoted Proj(τ) : ∇XY �→ ∇XY + τ(Y )X +

τ(X)Y .

All these are “translations” of an affine connection (see Sect. 2). The first two
transformations, (i) and (ii), are “half” of the projective transformation in (iii).
While the projective transformation Proj of ∇ preserves its torsion, both P∨-
transformation and P-transformation introduce torsion (in opposite amounts).

Definition 12. Given a vector field ξ and a non-degenerate 2-form h, we define
the D-transformation of an affine connection ∇ as

D(h, ξ) : ∇XY �→ ∇XY − h(Y,X)ξ.

Furthermore, the transformation D̃(h, ξ) is defined to be D(h̃, ξ).

These transformations behave very nicely with respect to left and right h-
conjugation, as well as L-perturbation. More precisely, we make the following
definition:

Definition 13. We call left (respectively right) h-image of a transformation
of a connection the induced transformation on the left (respectively right) h-
conjugate of that connection. Similarly, we call L-image of a transformation of a
connection the induced transformation on the L-perturbation of that connection.

Proposition 12. The left and right h-images of P∨(τ) are both P∨(−τ).
Proposition 13. The L-image of P∨(τ) is P∨(τ) itself.

Proposition 14. If V is a vector field, so that h(V,−) is a one-form, then the
left h-image of P(h(V,−)) is D(h, V ), while the right h-image of P(h(−, V )) is
D̃(h, V ).
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10 J. Tao and J. Zhang

Proposition 15. The L-image of D(h, V ) is D(hL, L−1(V )), whereas the L-
image of D̃(h, V ) is D̃(hL, L−1(V )).

We summarize the above results in the following commutative prisms.

Theorem 14. Let h be a non-degenerate two-form, L be an invertible operator,
Z be a vector field, and τ be a one-form. Then we have four commutative prisms:

Corollary 15. With respect to a Riemannian metric g, an invertible operator
L, and an arbitrary one-form τ , we have the following commutative prisms:

Each • represents the space of affine connections of some differentiable manifold
M.
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Transformations and Coupling Relations for Affine Connections 11

These commutative prisms are extremely useful in characterizing transfor-
mations that preserve Codazzi coupling. Indeed, Propositions 6 and 8 say that
it is enough to characterize the torsion introduced by the various translations in
Definitions 11 and 12. We have the following:

Proposition 16. With respect to the transformation of connections: ∇XY �→
˜∇XY , let I(X,Y ) denote the induced change in torsion, i.e. B(X,Y ) :=
T
˜∇(X,Y ) − T∇(X,Y ). Then

(i) For P∨(τ): B(X,Y ) = τ(X)Y − τ(Y )X.
(ii) For P(τ): B(X,Y ) = τ(Y )X − τ(X)Y .
(iii) For Proj(τ): B(X,Y ) = 0. Projective transformations are torsion-

preserving.
(iv) For D(h, ξ): B(X,Y ) =

(

h(X,Y ) − h(Y,X)
)

ξ.

(v) For D̃(h, ξ): B(X,Y ) =
(

h(Y,X) − h(X,Y )
)

ξ.

Note that the torsion change B(X,Y ) is same in amount but opposite in sign
for cases (i) and (ii), and for cases (iv) and (v). B(X,Y ) is always zero for case
(iii), and becomes zero for cases (iv) and (v) when h is symmetric.

Corollary 16. P∨-transformations P∨(τ) preserve Codazzi pairing of ∇ with
L: For arbitrary one-form τ , if {∇, L} is a Codazzi pair, then {P∨(τ)∇, L} is a
Codazzi pair.

Corollary 17. D-transformations D(g, ξ) preserve Codazzi pairing of ∇ with L:
For any symmetric two-form g, vector field ξ, and operator L that is self-adjoint
with respect to g, if {∇, L} is a Codazzi pair, then {D(g, ξ)∇, L} is a Codazzi
pair.

2.6 The Conformal-Projective Transformation

The Codazzi transformation for a metric g and affine connection ∇ has been
defined as

g(X,Y ) �→ eφg(X,Y )
∇XY �→ ∇XY +X(φ)Y + Y (φ)X

for any smooth function φ. It is a known result that this preserves Codazzi pairs
{∇, g}. In our language, this transformation can be described as follows: it is a
(torsion-preserving) projective transformation P(dφ)P∨(dφ) applied to ∇, and
an L-perturbation g �→ geφ applied to the metric, where eφ is viewed as an
invertible operator.

As generalizations to Codazzi transformation, researchers have introduced,
progressively, the notions of 1-conformal transformation and α-conformal trans-
formation in general [4], dual-projective transformation which is essentially (-1)-
conformal transformation [3], and conformal-projective transformation [5], which
encompass all previous cases.
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12 J. Tao and J. Zhang

Two statistical manifolds (M,∇, g) and (M,∇′, g′) are said to be
conformally-projectively equivalent [5] if there exist two functions φ and ψ such
that

ḡ(u, v) = eφ+ψg(u, v),
∇′
uv = ∇uv − g(u, v)gradgψ + {dφ(u)v + dφ(v)u}.

Note: φ = ψ yields conformal equivalency; φ = const yields 1-conformal (i.e.,
dual projective) equivalency; ψ = const yields (-1)-conformal (i.e., projec-
tive) equivalency. It is shown [9] that when two statistical manifolds (M,∇, g)
and (M,∇′, g′) are conformally-projectively equivalent, then (M,∇(α), g) and
(M,∇′(α), g′) are also conformally-projectively equivalent, with inducing func-
tions φ(α) = 1+α

2 φ+ 1−α
2 ψ,ψ(α) = 1−α

2 ψ + 1+α
2 φ.

In our framework, we see that this transformation can be expressed as follows:
it is an eψ+φ-perturbation of the metric g, along with the affine connection
transformation

D(g, gradg ψ)Proj(dφ) = D(g, gradg ψ)P(dφ)P∨(dφ).

The induced transformation on the conjugate connection will be

Γeψ+φP(dψ)D(g, gradg φ)P∨(−dφ) = P∨(dφ+ dψ)P(dψ)D(g, gradg φ)P∨(−dφ)

= P∨(dψ)P(dψ)D(g, gradg φ)

= D(g, gradg φ)Proj(dψ),

which is a translation of the same form as before, but with ψ and φ exchanged.
(The additional Γeψ+φ in front is induced by the eψ+φ-perturbation of the met-
ric.) In particular, this is a torsion-preserving transformation, because D and Proj
are, which shows that conformal-projective transformations preserve Codazzi
pairs {∇, g}. We can generalize the notion of conformal-projective transforma-
tion in the following way:

Definition 18. Let V and W be vector fields, and L an invertible operator.
A generalized conformal-projective transformation CP(V,W,L) consists of an
L-perturbation of the metric g along with a torsion-preserving transformation
D(g,W )Proj(Ṽ ) of the connection, where Ṽ is the one-form given by Ṽ (X) :=
g(V,X) for any vector field X.

Proposition 17. A generalized conformal-projective transformation CP(V,
W,L) induces the transformation ΓLP(W̃ )D(g, V )P∨(−Ṽ ) on the conjugate con-
nection.

Proposition 18. A generalized conformal-projective transformation CP(V,
W,L) preserves Codazzi pairs {∇, g} precisely when the torsion introduced by
ΓL cancels with that introduced by P(W̃ )P∨(−Ṽ ), i.e.

L−1(∇X(L(Y ))) − L−1(∇Y (L(X))) − ∇XY + ∇Y X = (W̃ + Ṽ )(X)Y + (W̃ + Ṽ )(Y )X.
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Theorem 19. A generalized conformal-projective transformation CP(V,W,L)
preserves Codazzi pairs {∇, g} if and only if L = ef for some smooth function
f , and Ṽ + W̃ = df . (The “only if” direction requires dim M ≥ 4.)

This class of transformations is strictly larger than the class of conformal-
projective transformations, since we may take Ṽ to be an arbitrary one-form,
not necessarily closed, and W̃ := df − Ṽ for some fixed smooth function f .
The conformal-projective transformations result when f is itself the sum of two
functions φ and ψ, in which case df = dφ+ dψ is a natural decomposition. The-
orem 19 shows that the conformal-projective transformation admits interesting
generalizations that preserve Codazzi pairs, by virtue of having an additional
degree of freedom. This generalization demonstrates the utility of our “building
block” transformations P, P∨, D, and ΓL in investigating Codazzi pairing rela-
tionships under general transformations of affine connections. Furthermore, this
analysis shows that even torsion-free transformations may be effectively studied
by decomposing them into elementary transformations that induce nontrivial
torsions.
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