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xploations in heorpwp o Schut, Schur-Horn for 
Hermiian pmodriccs 

We. se expliitly in Hhe papcs of BhadiaL2oo:J, 
Profesor Bloch 998 gplicaiions of he thur Herk 
heorem using Heumitian ngtices. 

Note: 
whert H denotes the CompleX 

hiatrixanc 
H indíctrs talsihq th iranspost ef the 

aritt ean casH. 

Schur-Horn Theorcm far hyo Sequlences. 

A,2|An(non-incceasing.oRÜC 2Hermition matrix H irith cigtnualucs. 
i,ayde and oliagonal enties di,di, dn 

da dyt..t dn = A,tdyt.,ha 



Sobeka -2. 

tsentiall, this thcoreR stotes hat for a 
Heriti ou matri H, uC coL order diauual 
Entnes and eiqenvaluss uch that é Co 

to eigenuglucs and thcËf Susis, We houc LRICrIcel he 

ot _endooiuts Lfunal t/s)f 

Which specif1es i70n VoAesoeMan matnCiy 

toolto be óricaed in noh ince0sipg.cudle 

ihese llotioneyls inequpli* chavactri~ino the 

jor 1)-ln 



bx.I Lets lock mot closelk at an exanple df_2, ling hest 

Io find cigenvalues that will ortspobd to the 
dliagnhol chHiCS o tis gatcix, e MSe det (H- 2I) to Îind 

tocis ef a Esvlting chaacteristie polynomial,. Mote Iir identity Matrix 
in Re. 
So we thcn, haue 

det 

1-31+7-!+i =0 
2-32+ -

-tt-,t 

2-37+-2 
-31 

4:0, 1;3 
Now lbckinq� back at termitian H ohd schur- He intgualitits 

|- 2 

diagon al entries d, : 1, de :2. ote a, = 3z l:d, 
ano thatd td l+2 3+0=A,tA,. 

And sihce d,sh, but ddy= l,i dythen Schut -Horh': 
jbequalities holdl true. 



SobotkA -4 

Before making a remork aboud Ex, iets laok ot 
Hhe canceph of mcion saticn.Letcolum vecions 

p be orgunisecd such that 

deastcs earTaNqin4 his yectee Cao dlinates in. 
dcre asi nq cde as descibec ia Bheial2l% in 
Then a is najorised by y ie X<y, if bath, 

Mote that it was noted in ahaiL3 tht when kn, 



Can be. plohec to create onve shepes knoMin os 
polutopesn tht case o róeyl's triisal faiy a 

hleuls inegut tiestie 

o, = 5, de= 2 

10=9+ 
{dit)+(oztA,) 
(9) 9) + (1). 



This is indced a ine' seguent frau Heyls vtquahi.s. 

result o C 
(4,1) (4) 

(9,) 

1 

ig, iloiiing thase iseaalitiis Iaks like is e 

=ls+)=4 {5-) =4 

Ien jrun Wey's iseuahties u bae 
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Hefmitias sMediiz(=AtB,qivta 
d{A) =(5,2)B) -(4,). 

ech point 

Inde construt diageuni matncey 

gisoet 

Lo2 

Which is h sorond endy nat 
eigenvalyes.(See Fiq. ) 



Ex 3. 

We finalls and Gonclusive ly return to the topic on p. 5 
of ploinq Lonvex shapes, nazncly onvex polytopes. 

lo Gemonstrate. this, we atilize pefmutation motri ccs, 
which are a rtaranseAent of tix rows n! times. 
For example, if rde permBe. the identity matrix tor 

To 

set, hence K hs2! GL cietheYs in fhe (ovt 
sei. 

Ex 4. I wOS showh by Protsor Bioch the tefrahedron h R 
sboun in Fiquse 2 below. Graphic i 

i 

Dne feisarkoble thing to hote i 
tpe effeci of permutinqoe 
identity moarig in Q23. Comsitering 
3! 0eriutciions, nanels b of the M," we only see 3 
Vesiçes. So albeit 6 elemevts represest hia tonvex. 
set, 3 matrices psovsdes 3 rechusdant vertices, So 

plot 3. eoinds /n ths case. These shapes thout 
we can acquise due to Hiese n! pesmatatípns 
Qre caled permutonecrons. 

(,0,0) (0,1,0) 

ee have b charge 



Sobotka 

With the previous remosrk in mind, we 
Lan observe Hhe Schus Horn inequalities qeonnetsicaly 

As discusstd with Profsssoc Bloch, we can see what 
hagpens ben. we permude ciqenvalue eniies. As 
stated suCCincls in_Section 4 in Professor Bloch's 

Ex. 5 paper, we cah view (A, ngaa) ,h...21p, 
and az (a, ., O), he cigenvalues nnd diag O6a ent its 

of hermitian mutrix H, as vecioss in RE. 

Fig3 heg we pecraute (2,,2s ya) jor some 
hesmitian ai H, ve qet the 

pern_uiohecoy shasn 4 hq.i. 

Since the Seher - Hotn thcorem hns two impi cotions, 
thta Jets. se! them jn tlatic fo 1his coniEy polyiope. 

Schur says in this. (ase iif Hermidi an matix with 
dioqonal enties(a,a4, 4,), elgen alues (24yd, As), 
then vectof la.,a,, o)-à hes inside tne perinuiohedlon 

qener oted by 3! permutotous of (a, 22,9) 

E Horn sas in this cASE ; if vecor (a,ay, 4) a lits 
inside the permutohedrn generoted by 3! gergntctions 
of (aijaz; 2,), then Hetoi an mdtiix with diaqomal 
entrues (a,4, a3) ahe eiqery atues (2,2s3) 



Jo cotcluce, thcse. twio stoieme ats geometiicaly 
veify existence of a Hermitian matiz, with 

diaqonclentsies (as,aa thet have 
torrespouding eiqenualues (2, n), which is 
illusisated by the senvtx polyioge. 
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Sobotka -10 
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