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Abstract

In this paper, we apply the method of [Dnl8] to Painlevé III equation and study the small
x asymptotic behavior of its special function solutions. We first find the simultaneous solutions
between Ricatti and generic Painlevé III equations and express it in terms of the solutions of Bessel
equation. Via Bécklund transformations, we construct the solutions for Painlevé III with more
general parameters. Since there are no closed formulas for these solutions, we shift our focus to
compute the explicit formula for the associated tau function using certain identities from linear
algebra. To do asymptotic analysis of the expression, we rewrite the formula in the form suitable
for computing z — 0 asymptotics and obtain our main result.
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1 Introduction to Painlevé Equations

Painlevé equations are six nonlinear second-order ordinary differential equations. They are
written in the form of 4" = R(y',y,t) with R a rational function. Their solutions have the so called
Painlevé property. That means the locations of singularities that are log(z) type don’t depend on
the initial conditions, but the locations of singularities that are 1/z type do depend. Most of the
solutions of Painlevé equations are transcendental. That means their solutions can’t be reduced to
simpler special functions. However, there are several exceptions in particular for Painlevé III equation.
It is easier to study asymptotic behavior of such solutions and that is why we are interested in it. Also,
Painlevé equations have wide applications in other areas of mathematics, especially random matrix
theory, see [FW01, FW02].

2 Review of important definitions and results

2.1 Bessel equation and contour integral representation of its solution

Definition 2.1.1. Bessel equation is given by
! 2
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We can remove -5 term changing the unknown function v(z) = ~“u(x). The new version of Bessel
equation is given by
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One of the standard solutions in the form of series representation is given by (see [DLMF, (10.9.4)])

(2) + v(2) = 0 (1)
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where T'(x) is Gamma function.
There are also contour integral representations for standard solutions which are mainly used in this
paper. For —7 < arg(z) < 7, they are given by (see [DLMF, (10.9.17), (10.9.18)])
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2.2 Some useful identities between cylinder functions

Define the function
Jy(x) cos(mv) — J_, ()

sin(mv)

Y, (l‘) = (6)

The functions J, (x), Y, (z), b2P% (x), a? (x) are called cylinder functions and are denoted by C, (z).
We can show that C, (z) satisfies the following properties (see [DLMF, (10.6.2)]):

Cl(@) = =Cy(x) = Cpn () (7)
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Figure 1: Contours for J, (), Hél)(x) and Hl(,2)(x)

Cl(@) = Cpma (@) = =Co(x) (8)

And also, we can obtain the following relations (see [DLMF, (10.4.3)]):
HP (@) = J,(x) + iV, (x) (9)
HP (z) = J,(z) — iV, (2) (10)

2.3 The simultaneous solutions of Ricatti and Painlevé III equations

We want to obtain the solutions of Painlevé III, but usually there are no direct method to solve a
nonlinear equation. Therefore, in this section, we try to construct simultaneous solutions between
Painlevé III and a well-chosen equation which has a close relation with Bessel equation in order to
write the solutions of Painlevé IIT in terms of (4) and (5).

Definition 2.3.1. Ricatti equation is first order nonlinear ODE given by

o' (x) = a(z)u?(z) + b(x)u(z) + c(x), a(z) # 0. (11)

Notice that if u(x) solves Ricatti equation, then u(x) = —ﬁ 1;;((;) where v(z) solves the following
linear ODE:

a(@)" () — (@ (@) + a(@)b@) (2) + @) (@)o(@) = 0, a(x) £0. (12)

Definition 2.3.2. Painlevé-III equation is second order nonlinear ODE given by

W () = (u;((z))) u/:(vx) N QUQ(Z) + 8 +ud(z) — ﬁ’ a,BeC. (13)

We try to look for the simultaneous solutions of the two equations (11), (13). Taking the first
derivative of (11) and plugging in the u/(z), we get:

u"(w) = 2a° (2)u’(z) + (d/ (z) + 3a(2)b(x) )u?(z) + (2a(z)c(x) + b () + V' (2))u(z) + (b(z)c(z) + ' (x))
Meanwhile, plugging (11) into (13), we get:

a(z) — o

u(z) = (a*(@)+1)u’ (2)+(2a(2)b(z) -




By matching and solving for the coefficients, we have totally four cases. We list them below:

a(z) =1, b(z) = O‘;l, () = 1, f=2—a (14)
a(x) = -1, b(z) = _1;‘“, o(z) = -1, B=-2-a  (15)
a(z) =1, b(z) = “;17 e(z) = —1, B=a-2 (16)
a(z) = —1, bz) = _1; o o) = 1, B=—a+2  (7)

Note that for (14), the linearized Ricatti equation (12) becomes the new version of Bessel equation (1)
in the following form
(1-a)

x

v (z) + v'(z) +v(x) =0

which has a solution

Ul(x) = x_y(le,El)(x) + kQHl(/2) (:L')), V= _%
Alternatively it can be written is
v1(z) = xiu(ElH(—ly)(m) + %2H(_2,2(33)), v= —%.

By changing the function back, the simultaneous solution of (11) and (13) has the form

us(z) = — - 1 (2)

Similarly, for (15), the linearized Ricatti equation (12) becomes the new version of Bessel equation (1)
in the following form

v'(z) +v(x) =0

which has a solution o

vo(z) = 27V (ks HW () + ky H P (z)), v = 5
By changing the function back, the simultaneous solution of (11) and (13) has the form

ug(z) = % In(ve(x))

However, we don’t consider the rest two cases in this paper since they are corresponding to the so called
"modified Bessel equation”. The readers can refer to [Cla23, Theorem 3.5] and [DLMF, §32.10(iii)] for
details.

2.4 Backlund transformation

To construct more solutions for PIIT equation with more general parameters, we need to introduce a
powerful tool, see [DLMF, §32.7(iii)]

Definition 2.4.1. Bdicklund transformations for the Painlevé-III equation are given by

] zu (z) + zu?(z) — fu(z) — u(z) +
By (u(@), o, ) = (u(az)(azu’(x)+xu2(x T ou(z) + u(@) + )’a”’B”)
e o (@) — () 4 fule) —ulw) ~w
Ba : (ul@), ’ﬁ)%( () (2 (x) — 2u?(x) — au(z) + u(z) — 1)’ 2,8 2)
(). o B au' (x) + zu?(x) + Bu(z) — u(r) — N B
Bs : (u(z), a, B) < w(@)(z/ () + 2u2(z) + au(z) + u(z ) +2,0 2)



Assume that u(z) solves Painlevé-III equation. Denote By (u(z), o, 8) = (v(z),a + 2,5+ 2). Using
Mathematica, we can furtherly show that v(x) solves Painlevé-III equation

Similarly, denote Ba(u(x),a,8) = (v(x),a — 2,5 —2). We can show that v(x) solves Painlevé-IIT
equation

V() | (a=20*(x) +(B-2)
v(z) 7 x * v(z)’

a,pB e C.

In addition, denote Bs(u(x),a, ) = (v(z),a + 2,5 — 2). We can show that v(x) solves Painlevé-IIT
equation

R (O By RN O ECEL BT T

More specifically, in our case, we can apply By on uj(z) to construct all the solutions satisfying
a+ f = 2+ 4N. Moreover, we can also apply By on us(z) to construct all the solutions satisfying
a+ B =-2—4N.

Remark 1: Notice that one of the factors in the denominator of the new solutions is one side of Ri-
catti equation. There is a singularity for B; when «+ 8 = —2 and when us(z) solves Ricatti eqaution
with condition (15) , so it can only be applied on wj(z). Similarly, there is a singularity for By when
a + = 2 and when u;(z) solves Ricatti eqaution with condition (14), so it can only be applied on
us(x).

Remark 2: We will not use Bs to construct solutions in this paper since it can only be applied on
the solutions corresponding to "modified Bessel equation”. But it is useful to formulate the general
solution in section 2.7.

Remark 3: Instead of applying By and using us(x), we can use the transformation u(z) — —u(x).
Remark 4: There are no explicit formulae for these solutions constructed by Béacklund transforma-
tions, we have to use other methods to study them.

2.5 Hamiltonian system

We use the formulas presented in [Cla23].

Definition 2.5.1. Denote q(z) solution of the Painlevé-III equation. Fix e = +1. The momentum
associated to it is given by

o) = s (@) + 20?0 e +ato) (25

Definition 2.5.2. Denote q(x) solution of the Painlevé-III equation. Fix e = £1. The Hamiltonian
associated to it is given by

H(z) = p*(2)¢’ (x) — p(2) <xq2<z> —ertq() (5» + %) <B(w>

4e

We can show that Painlevé-III equation is equivalent to the Hamiltonian system:

dq OH
T— = —
dx op
dp 0H
T— = ——
dzx dq



2.6 Tau function and Toda equation
For details of this section see [Oka87] and [FWO02].

Definition 2.6.1. Consider Painlevé-II1 equation. Fix ¢ = 1. Define auziliary Hamiltonian using
formula

) = (H () + a(@p(a) — ea? + (8 — 4)(8 + (o — 2)))

Consider Painlevé-III equation. Choose € = 1. Since momentum and Hamiltonian are expressed
in terms of ¢(x), the action of Bécklund transformation B; can be extended from (¢(z), o, 8) to p(z),
H(z) and h(z). We denote

(gn(x), a +2n,8 +2n) = B (q(x), a, B)

Pn(2) = P(0)|y(2) g0 (2),6-6+2n

Hn(2) = H(2)|40)540(0),0() 5 (@) 00+ 20,8 420
hn () = 1(@) | 1(2)— B (2),0(0) a0 (2),0(2) 9 (@), 00 2n, 8- 5+ 20

To study the behavior of PIII equation more easily, we introduce the tau function associated with the
solution.

Definition 2.6.2. Define tau function for Painlevé-III equation using formula

d
T In(7,(z)) = hp(x)

It is defined up to a constant.

Using the following identity:

3
hn-l—l(x) = hn(x) - ann(x) - 5 +
We can show that the Toda equation holds:

d d o Tn 1($)Tn_1($)
x%x% In(r,(z)) = CHW

for some constant C,,.

Actually, denote f(z) = zix%m(m(x)) and g(z) = % Basically, we want to show
f(z) = Cpg(x). Taking natural log on both sides, we get In f(x) = lng(z) + InC,,. Therefore, it is
equivalent to show %(ln f(z) —Ing(z)) = 0.

WEell, by using Definition 2.6.2 and the identity above, we have:

o In(g(z)) = Pn—1(2)gn—1(x) :C— o (T)gn () + 2 o)
d _ hy(x) 4 zhy(x)
aw "= (23)

By using Definition 2.6.1 and (18)—(21), we rewrite (23),(22) in terms of ¢,(xz). With the aid of
Mathematica, we can verify the difference of them is zero.
Actually, using transformation 7, (z) — a,7,(x) one can change constant C,, in the Toda equation to
be 1. a, can be obtained by solving a difference equation

2
Cnan = On410n—1

The general solution is:
n n=17J

an =TI [C: neN

- n
Qg j=11i=1

By picking the initial conditions ag = a; = 1, we get:

n—1 J
a":HHCi’ n €N

j=1i=1



2.7 Some linear algebra

Toda equation determines the tau function recursively. If we want to derive some nice formula for it,
we need some properties of determinants.

Proposition 2.7.1. The Leibniz formula for the determinant of n x n matriz A = {aij}zjzl s given
by

det(A) = Z sgn(o) H s, o (k)
k=1

gESy

where Sy, is the set of permutations of n elements and sgn(c) is sign of permutation o.

Directly using the proposition above, we can show the following formula for derivative of a deter-

minant
n

d
sgn(o) (dxaj,am) I akow (24)

loeS, k=1
k#j

Proposition 2.7.2. Denote A;; the matriz obtained from A by deleting of ith row and jth column.
The Laplace expansion for the determinant along the jth row is given by

det(A) = zn:(—l)k+ja:jk det(A; )
k=1

Proposition 2.7.3 (see [VV23]). Denote A;jj the matriz obtained from A by deleting of ith and jth
row anf kth and lth column. The Deshanot-Jacobi identity is given by

Corollary 2.7.1. Using the formula for the derivative of determinant and Deshanot-Jacobi identity,
we can show that functions in the form of

n

fn(z) = det {(xdiyﬂ fo(x)} (25)

4,=0

solve Toda equation corresponding to Painlevé-III equation

(ac;i) In(f,(z)) = JW n>1 (26)

Proof. Specifically, to match the expression in Proposition 2.7.3, we rewrite (25) as:

@ nis@) = 1) (+0) 1) (2@ 21

Let frni1(x) = det(A). Obviously, it follows that f,,(x) = det(A,42n42) and fr_1(2) = det(Apt1 nt2/n+1,n+2)-

Then we take the first derivative of the determinant in (25) by multi-linearity with respect to rows.

d
Since a determinant with two identical rows is zero, the simplified result we end up with is xd— fulz) =
i

. o d
det(Ap41jn+2). Since Ay qjnq2 = (Apyom+1)”, it implies that x%fn(‘r) = det(Ant1jnt2) = det(Antopnt1)-

Then we take the second derivative of the determinant in (25) successively by multi-linearity with re-
spect to columns. Similarly, since a determinant with two identical columns is zero, the simplified

d\2
result is ended with <$d.’t> Jn(w) = det(Apq1jns1). It shows that the statement holds. O



Now we already have the fundamental form for 7,,. We compute ho(x), hi(z), and ha(x) in the
case of Painlevé-1III equation and € = 1, o+ 8 = 2 in terms of functions H(%l)(x)7 H(%Q)(x) If we pick
the base cases carefully in the following way

To((E) =1
T1(z) = clH(%l)(x) + CQH(%z) (x)
mi(z) Ti(z)
T()det( ”(m))

Then we will get the inductive formula for 7,

() = det {(:UCZC)HJI_Qﬁ(z)} )

Remark: One can show that the explicit formula for ¢, is

(o) = LRI o)

Obviously, there is a close relation between 7,, and ¢, from this formula. We can also use this to verify
our main result.

2.8 Andréief identity

To improve our result based on the inductive formula, we introduce a more advanced identity.
Proposition 2.8.1 (see [Forl8]). Andréief identity is given by the following formula

n
n

/ /det {fj(mk)}jk 1) det ({g] xg)} Jk 1) H 2k )dxr = nldet /f] Vg (x)h(z)dx

r - jik=1
Proposition 2.8.2. The formula for the Vandermonde determinant is given by
k n
det({} }j,k:O) = H (xr — ;)
0<j<k<n

Lemma 2.8.1. Using identities (7), (8) from section 2.2, we show that in the case of Painlevé-III and

e =1 we have
77(71 1)

Tn(l‘) _ xn(nfl)(f ) det ({fQ_J+k( )}z;io)

where
fol@) = et HV (2) + o HP ()

Proof. From the inductive formula of 7,,(z), we know:

k+ n
Tn(x) = det {(x;i) j f;}

k,j=0

-1

By identities (7), (8) from section 2.2, we can obtain the following relations:

d «
v Jy@) = afya@) - 2f3(2) (28)
2 fs (@) = ~af3 () + 2 F5(2) (29)



For relation (28), by induction, we can show:

dy’ , =
(xdx> f% (x) = xjf%_j (x) + Z ijl‘kf%_k(l‘) (30)
k=0
for some coefficients cy;. Well, we furtherly simplify the determinant using (30):
fg (@) —fa( )
. n—1
et ( d )’““ ; 2fg_1(x) +cor fg (@) zi@:fgfl(z)) T e fy
€ Tr— a =
dx 2 rimo @?fo_5(z) +crzfg 1 (2) +coafg x%(m f%—Q(x))+C12xd(1$f%_l +cosz——fa

Observe that by elementary row operations, we can always use the previous rows to eliminate the
Zk 0 CkjT f o _r(z) part in a fixed row and the value of the determinant doesn’t change. Finally, we
will end up Wlth

fg (@) a:% fal@) e
- n—1 d n—1
d " efe _1(z) z—(zfa_1(z) - d\"* .
det {(x) fg} =, ' 7 ' = det {(J;) z! fa_;
dz k. j=0 z f%—z(ﬁf) wg(i f%—z(ﬁf)) dz . j=0
By relation (29), by induction, we can show:
d\*
(mdm) al fo_j(@) = (—D)*a7 M fa_ji(a +Zdnk 20t fo () (31)
To prove (31) by (29), we first fix k£ = 1 and induct on j. We have
d , o o
2w fy g =~ s ga(@) + o (- 5) Faoi@) 4 0 f ) (32)
- el
= -2/t fa_ji1(2) +tal g fy-i(@) (33)

After showing (32) we induct on k. We can noticed that d,.;; actually doesn’t depend on j. So (31)
can be written as

a\*
(o4 ) @ Fsms = VR it +Zdw”ﬁywﬁ (5
Again, we futherly simplify the determinant by (34):
ket n—1 fg (@) —zfa i1 +doifg
dx 2 . .
k,j=0 : :

Similarly, by applying elementary row operation on columns, we can always use the previous columns
to eliminate the Zﬁ;é dpka? " fa_jin(z) part in a fixed column and the value of the determinant
doesn’t change. Finally, we will end up with:

d k+j n—1 ,
det { (xdx) fe } = det ((—1)kx3+kf%7j+k($))
k

J=0

By multi-linearity of determinant, we can factor out (—1)*27%* and reach the conclusion:
. nln— n(n 1) n—1
Tn(JT) = det ((—1)kx]+kf%_j+k($)) =2x ( 1)( ) det ({f —]+k )}j7k:0)
where
fo(@) = et HO (2) + e; H (2)
That completes the proof. O



We apply Andréief identity to show that for the case of Painlevé-I1T and € = 1 we get the following
result.

Theorem 2.8.1. The explicit formula for ,(x) is given by

Tn(x):ifn("l)(n;l)n(nzl) / / I @&-t ( )Hhtk dty  (35)

[3Ury  Daury 0Si<ksn—l

where
h 62(t 1)
O =t
I's is contour of integration for Hl(,l)(as) and 'y is contour of integration for H,SZ)(:E) after change of

variable e = t.

(e1xrs (t) — caxr, (1))

Proof. By (4),(5) we get:

f3@) = el HY (@) + 2 HE (2)

oco+im co—1T

1 _a 1 i _a
=c1— s sinh(z) de —Cy— P sinh(z) 2%dz
™ Yy
—oo —o0
oco+im co—1T
1 T (e _o7F)_Q T2 —Z\_ a
=—la e3 (=TT 52 gy ¢ e3(me =52,
™
—oo —oo

Let e* = t, then we have:

1 e3 (=) e
f%(m) = E Cl/t%ﬁdt—CQ/Wdt

Fg F4
e%(t_%)
= / W(ClXFg(t)—CZXM(t))dt

Tsul'y
where x(t) is the characteristic function.
Let h(t) = fa (z), then it implies that:
N L
Tsul'y

From Lemma 2.8.1, we obtain:

n(n 1)

Tn(x) _mn(n 1)( ) det {f‘* 7]4’]@ }Z;lo)

n—1
= (=D (_1)™ 5 g {r/ R B(t)

sUls k=0
Let gx(t) = t~% and f;(t) = ¢/, by Proposition 2.8.1, we get:

Tn(x):mnm—l)(—l)w / / det({fj(tk)}zkzl)det({gj(tk)};kzl)ﬁh(tk)dtk

n!
I'sUl'y I'sul'y k=1

n(n—1)

:xn(nfl)(;)f / / det({ti}zk_l>det<{tgf}zk_l)£[lh(tk)dtk

I'sUl'y I'sul'y

10



By Theorem 2.8.2, we can compute the two determinants in the integrand:

a({a} )= T t-u)

0<j<k<n—1
_an 1 1
det ({tk]}. ) = H (t _ t)
Bik=1 0<j<k<n—1 N K 7
Thus, the explicit formula for 7,,(z) is given by:

n(n—1)

() = xn(n—D(T;l) 2 / / I -t (tlk - L}) ﬁh(tk)dtk

U, sUT, 0<j<k<n—1 k=0

2.9 Orthogonal polynomial
For details about this section see [Ism05].

Definition 2.9.1. The monic polynomial of degree n
n—1
pn(z) = 2" + Z a;z’
j=0

is called orthogonal polynomial with respect to weight w(z) on contour I' if it satisfies conditions

/pn(z)zjw(z)dz =0, 0<j<n-—1
r

Definition 2.9.2. Moments of the weight w(z) are given by
Wy = /zjw(z)dz
r

Definition 2.9.3. Hankel determinant associated to the orthogonal polynomials p,(z) is given by

H, = det ({ﬂj—&-k}zk:o)
Proposition 2.9.1. Denote by M, (z) the matriz {Uj-ﬁ-k}?k:o with last row replaced by (1, z, 22, ..., 2").
The orthogonal polynomials p,(z) are given by

ey = 10502

We can use multi-linearity property of the determinant to verify the explicit formula for p,, given
above is a monic polynomial and satisfies the orthogonality condition by expanding the last row.

Definition 2.9.4. The normalizing constant for orthogonal polynomials p,(z) is given by

hy = /pn(z)z”w(z)dz

r

Proposition 2.9.2. The Hankel determinant is given by

H, = ﬁ h;
j=0

It is easy to check using multi-linearity property of determinant that we can compute h,, recursively
in terms of H,,.
Remark: The normalizing constants for classical orthogonal polynomials can be found in [DLMF,
Table 18.3.1].

11



3 Main result

3.1 Basic strategies

Up to this point, we’ve got enough preparation to compute the asymptotics at zero. Our goal is to
rewrite 7, (2) ~ b(n)z*™ when z — 0 in the case of e = 1, % ¢ Z, |Re(c)| < 2n In this part, I will
summarize several key ideas to achieve this goal as following:

e The contours I's and I'y spread out to zero and infinity in the formula (35). We can’t put =0
here without losing convergence of the integral.

o We rewrite Hl(,l) and H,SQ) in terms of J, and J_,. Contour I'y for J, in variable ¢ is located
around infinity, it does not approach zero. Contour I's for J_, in variable ¢ is located around
zero, it does not approach infinity.

o Expanding the product in the integrand of (35) we get the expressions, where some of the
variables ¢; will belong to contour I'; and others will belong to I's.

e We apply change of variable technique ¢ = 2 to variables on contours I'1. The integrand will
preserve exponential decay at infinity when we put x = 0. On the other hand, we apply change
of variable technique ¢ = xs to variables on contours I's. In this case the integrand will preserve
exponential decay at zero when we put z = 0.

3.2 Alternative formula of 7,

According to the blueprints above, we can start to derive the alternative formula for 7,,. Using (6),
(9), (10) we have
H(z) = (1 + i cot(mv))J, (x) — i cse(mv)J_, ()

H® (x) = (1 —icot(nv))J,(x) +icsc(mv)J_,(z)
Recall that: f,(x) = clH,El)(x) + e P (z), then we have:
fu(l‘) = ley(x) + dQJ_V(I')

where
dy = c1(1 +icot(nv)) + ca(1 — i cot(mv))
dy = cocsc(mv)i — ¢ csc(mv)i

By formula (3) of J,(x) it follows that

oco+im oo+
fy(l') — dli / P sinh(z)fuzdz + in / P sinh(z)JerdZ
273, 2
00— 00—4T

Making the change of variable z — im — z in the second integral we get

oo+ . —00
1 ) ety )
y —d wsmh(z)—yzd —d / z smh(z)—uzd
fo(@) Yo / € * 2 omi c N
co—1iT —oo+2im

Let e* = t, we have

e%(ti%) TV
fule) = [ G e, (6 dae ™ xe ()t
I'yurl'y

I’y is contour of integration for J, (z) and I's is contour of integration for J_, (z) after change of variable

5(-1)

e =t shown in the Figure 2. Now, redefine h(t) = ﬁ(dl){rl (t) — d2e"™ 2 xr,(t)) in the explicit

formula of 7,,. It is worthy to point out that the way to define h(t) is valid. It seems that the coefficients
dy and doe"™ are non-constants depending on j and k. However, the periodicity of cotangent function

12
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Figure 2: Contours I'; and T's

will make dy = ¢ (1+cot(m§)i)+co(1—cot(m$)i). On the other hand, the periodicity of secant function
and exponential function will make doe™™ = (co csc(m)i — ¢1 csc(mS)i) e 2. They are actually both
constants.

We should make another remark about power function A +a . When we use it, we assume —im <

arg(t) < im on contour I'; and 0 < arg(t) < 2mi on contour I's.
Lemma 3.2.1.

[T (eixe, () + coxry(t) = > efes™ [ xea () [T xra(®5)

k=1 IC{1,...,n} kel jele
[I|=r

For t; € I, we use change of variable ¢, = *t. For t; € I, we use change of variable t; = s;z.
Apply the lemma above to Theorem 2.8.1, we get

g T a2 (] ///n e

IC{1,...,n} oo oo €1 S0
|I|:r 1 1 1 2 2 2 k?GI
1
2 5 2
(s; —s)® 77 € *(L+02) 7 (551 +0G*)? s,
] 2 dSq dSq
. SjSk : g2 sl . L4858k
<k lel¢ l jerl qel qeI”
j,kel kel®

After some algebraic manipulations, we obtain the alternative form of 7,.

Proposition 3.2.1. The alterative formula of T,(x) is given by

1 ime n(n 1 +ar—52 —2r(n—r)
_ 2 T on—r inayp_p L

Ic{1,...,n} j<k
|I‘=7‘ ],kEI
—r+1 L —&—ntr-1
[Ies ® HdSq/ /H st [Le s I1 e,
lel qel Iy lerc qel®
]kEI

[y is contour of integration for J,(x) and T's is contour of integration for J_,(x) after change of
variable e =t

13



3.3 Asymptotic of 7,

The asymptotic of 7, is the leading term of the alternative formula. To obtain that, we need to find

the smallest power in terms of r. Denote ||z|| as the closest integer near x. Choose r. = ||2"+Re(a)||

then the leading term is

1 n! ire n(n +ar.—2%—2r.(n—r¢) )
Tn(2) ~ . - diedy™"e 5 ynre L H S — Sk
n() @2ri)" (n —re)lr,! (- ) n! ‘<k( / )
J
o I er
5 —re+1 L —7—n+rc—1
[ [ o[ T [t T
lel qel Jj<k lere q€eI®
T2 J.kel
when & — 0. By Andréief identity again, we have
1 dredn—Te i’;o‘ n—re n(n—1)+ar.— 4% —2r.(n—r¢)
Tn(x)N(Qﬂ-Z)n 1 ™2 (6 ) T
re—1 n—re—1
1 _a ;1 o _
det /skﬂess 2 Tetlg det /sk”e sgT 2Nty
I'y 3,k=0 Iz 3,k=0
when x — 0.

Notice that the two determinants are Hankel determinants with wy(s) = e®s~2 "1 and wsy(s) =
e~ ss 3 "1 regpectively. To evaluate them, we need to refer to the explicit formula of H,, and
the result in the literature.

Theorem 3.3.1. For the generalized Laguerre polynomials with weight w(s) = e~%s?, the orthogonality
condition is

P.(s)s’e ®s7ds = 0

with 0 < j <n—1, Re(y) > —1, P,(x) is monic.
The corresponding normalizing constant is given by

7 r 1
= /Pn(s)s"e_sﬁds _Llntr+D) 7 +1
n!
0
Asymptotic of 7,

Claim 3.3.1. By theorem of uniqueness of analytic continuation,we can extend the contour in previous
theorem to a loop L on the complex plane. For the generalized Laguerre polynomials with weight
w(s) = e~ %s7, the orthogonality condition after the extension is

Je=5gVds — Je=5 Y dg —
/pn(s)se sds—lie%w/Pn(s)se s7ds =0
0 L

with 0 < j <n—1, Re(y) > —1 and not an integer, P, (z) is monic.
The corresponding normalizing constant is given by

T s 1 _ Fn+~+1)
_ n S .Y —_ n S Y _
v) = /Pn(s)s e %s7ds = 1oy /Pn(s)s e *sVds = —
0 L
Denote h = [, Pu(s)s"e *s7ds, it follows that
—— F(n+~v+1)

hn(’y) = /Pn(S)sne*SS’Yds — (1 o eQTri’y)
L

n!

14
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Figure 3: contour L

In our case, we have - -
hs) _ /Prgl)(s)snessfgfrﬂrlds

I

—_~—

Our task is to rewrite A% and A% in terms of hy, (7) using the orthogonality conditions for Prgl)(s)

and Pr(f)(s) to find relations between P, (s) and them.

Remark: There is a special treatment for hP. To get the form of h, (), we need to use change of
variable u = %, but at the very beginning in the explicit formula of 7,(z). After applying Andréief
identity, the second Hankel determinant becomes

n—re—1

- o
Hy 1 =det /ukﬂe Uz et gy,

’
Iy 7,k=0

where FIQ is shown in the Figure 4. We also should mention that this change of variable gives extra
(=1)™"e factor.
Change the dummy variable back to s, we have:

f;@ = /1;7?)(8)5"6_55%_"”0*%5
Iy
Correspondingly, we should fix Claim 3.3.1 as following:

Claim 3.3.2. By theorem of uniqueness of analytic continuation,we can extend the contour in previous
theorem to a loop T on the complex plane. For the generalized Laguerre polynomials with weight
w(s) = e~ %s7, the orthogonality condition after the extension is

1

Je~ 5V ds = Je™ 57 ds =
/Pn(s)s e °sVds = T /Pn(s)s e s7ds =0
0 T,

15



~Zm

61
R4
Figure 4: contour FIQ
with 0 < j <n—1, Re(y) > —1 and not an integer, P,(x) is monic.
The corresponding normalizing constant is given by

i I( )
- L - n+y+1
hn(’y) = /Pn(s)sne 5s7ds = 1—@7_27”’)’ /Pn(s)sne %s7ds = T

0 T

Denote h, () = fr/z P, (s)s"e%sVds, it follows that

. L 1
ha(7) = /Pn(S)S"e’Ss”ds =(1- e*QM)M
Iy

n!
Choose Pr(tl)(s) = (=1)"P,(s) and vy = —§ —r. + 1, we get
R <8yt ()
The corresponding Hankel determinant is
fea /E/) N\Te ain’e @ T F(j — % — et 2)
H. _,= H hi’ = (2i)" sin <7r5> H 7
7=0 7=0
Similarly, choose PT(LQ)(S) P,(s) and v = § —n +r. + 1,we get
S :iALn (% —n—|—rc—|—1)
The corresponding Hankel determinant is
n—re—1 n—re—1 .
3 (2 a ; . F - + = + c + 2
Hyr.—1 = H h§»2) — e 3Tl (1) (24) T sin (M) (%w) H (n=J ﬁ re+2)
7=0 7=0
Finally we reach the conclusion.

Proposition 3.3.1 (Pan-Prokhorov). The asymptotic as x — 0 of 7,(x) for the case of Painlevé-II1
equation in the case of ¢ =1 and § ¢ Z, Re(a) < 2n is given by

]. _ iTa 1 no
Fa(@) ~ e dpedy T (o T e are g
(2mi)™

2Tc(ﬂ—Tc)HrC71Hn7T671
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where

dy = c1(1+ cot(m=)i) + ea(1 — cot(w%)i)

2
dy = —co CSC(TI'%)i +c CSC(T&'%)i
2n — Re(a)
re= || 22270,
re—1 .
 (0N\Te wiTe ay g F(j_%_rc+2)
H, 1 =(2i)"sin <7T§> jl;[o 7

n—j+g+r.+2)
J!

n—re—1
o ’ =
Hy r.1= 6_5”(”_”)1(—1)"_”(22’)"_” sin(?=7e) (%W) H (
j=0

3.4 Inspiration for future study

For the time limit, in this paper we can’t touch all the related problems. There are still several
interesting directions for the readers who are interested in such topic to consider. We list them below:

 obtain asymptotics of g, (x) using (27)
o consider the case ¢ = —1

o consider the large z asympototics
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