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Abstract

A formula for the KPZ fixed point of the multi-point TASEP distri-
bution was very recently obtained in terms of a Fredholm determinant
[Liu, 2021]. I will analyze certain right-tail asymptotics of this distribu-
tion using the steepest descent method. Specifically I will investigate the
asymptotic regime where the height of the second point is a fixed multiple
of the height of the first point, and we let both heights go to infinity.

1 Introduction

The TASEP (Totally Asymmetric Simple Exclusion Process) model can be for-
mulated by considering particles which lie a subset of the points on the infinite
lattice Z. Each integer can contain at most one particle. Furthermore each
particle is assigned an independent clock which rings after a wait time governed
by an exponential random variable with parameter 1. Once a particle’s clock
rings, it moves one unit to the right if the next integer is not already occupied,
otherwise it stays at the same integer. Then the particle’s clock is immediately
reset.

An equivalent way to model TASEP called the corner growth model, is to
consider the evolution of some random height function H(x,t). Let H denote
the space of all function h : Z — Z satisfying

1. h(x+1) —h(zx) e {-1,1} forall z € Z
2. h(0) € 27
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Figure 1: TASEP modeled by evolution of particles in Z
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Figure 2: TASEP modeled by evolution of height function H (z,t)

We start with an initial height function H(z,0) and evolve H (x,t) by assign-
ing each integer an independent clock with wait time given by an exponential
random variable with parameter 1. When the clock associated with ¢ rings, we
increase H(i,t) by 2 and keep H(x,t) the same for all other x if the resulting
function H(x,t) belongs to H, otherwise we leave H(x,t) unchanged. Then we
reset the clock.

We will study this height function with the initial condition H(z,0) = ||
referred to as the ”step” initial condition. Figure 2 shows an example of how
H(xz,t) could evolve.

Tt is of interest to study the limiting behaviour of the height function H (z,t),
and a particularly fruitful scaling to study is the 1 : 2 : 3 scaling for which time
is of order T, the space parameter is of order T2/% and the fluctuation of the
height is of order T'/3.

With this scale it was proven that
Theorem 1.1 ([3]). For every (z,7,h) € R x Ry X R,

lim P( = Faep(hy (7)) (L1)

T—o0

H(2xT?/3,27T) — 1T )
<h
_T1/3 -

Where Fgiep(h, (z,7)) is defined as a Fredholm determinant det(l — K).
In order to define K, let Cp be an unbounded contour in the left half of the
complex plane going from ooe~ 3™ to ooe%”i, and C'g an unbounded contour in
the right half of the complex plane going from coe™5% to coes?. Additionally
define the measure du(z) := £&. Then K : L*(Cp,dp) — L*(Cy,dp) is the



kernel operator with kernel

K(z,72') = /C exp(—%r(z3 —w?) + (22 — w?) + h(z —w))

1
w0 —w) W)

Using the identity det(1 — AB) = det(1 — BA) which holds for Fredholm de-
terminants under mild assumptions, it can be shown that Fgcp(h, (0,1)) is the
Tracy-Widom distribution appearing in the asymptotic formula for the largest
eigenvalue of GUE random matrices.

The right tail of Fyep(h, (x,7)) is well known. For example, see [3]. It can be
obtained from the series formula of the Fredholm determinant

det(1 — K) =

(1.2)

o i % /oL ey det((K(zi, 2)))7j=1) dpp(z1) - dpa(zn) (1.3)
Note that the trace is given by
tr(K)= | K(z,2)du(z) =
o 1 dw dz(1'4)

/ / exp(—%T(z3 —w?) + (22 —w?) + h(z —w)) ——s —— ——
CrL JCr

(z —w)? 2mi 2mi
Hence, if we set o = 71/3(227~1 4 h), then,
tr(K) =

1 . 1 dw d
/CL /CR exp(—gT(z?’ —w3) + x(22 — w?) + h(z — w))ﬁ 2—:2 2—;
1 dw d¢ (1.5)
/CL /CR exp(—5(¢* —w’) + h(C - ))(C w)2 2mi 2mi
3/2 ,ih3/2 35 3/2
= 167T (1+24h +0(h™%)

as h — 400, where the method of steepest-descent can be used to obtain the
last equality. Furthermore it can be show that all the higher order terms in the
determinant, have a smaller order contribution O(e_%hs/z) so that
Theorem 1.2. With h := 7'/3 (227~ 4 h),

1 35

F :1_7A—3/2 —4p3/2 1 oY
Step(h’(xﬂ-)) ].67Th e s ( +24

Recently in [4], an analogous formula for the limiting joint distribution of m
points was discovered. Going forward I will only consider the case when m = 2
and so the result can be stated as

h=3/2 £ O(h™2)) (1.6)

Theorem 1.3 ([4]). The two point limiting distribution satisfies

, H(2z,T%/3,2nT) — 1T H(22oT?/3,215T) — nl _
AP ({ e <t /s =

= Fgep(hi, b, (21, 71), (22, 72)) (1.7)
where Fsiep(hi, ha, (21,71), (22, 72)) will be defined in the next section.



The primary objective will be to obtain an analogous result to Theorem 1.2
by calculating certain asymptotics for Fyep(h1, he, (21,71), (22,72)) as b1, ha —
+o00. I will only carry out these calculations with several restrictions on the
parameters described in section 2.3.

2 Asymptotic Analysis of F,, for m =2

2.1 Definition of Fy,,

Let Céf‘L, C1,1, C3' denote three unbounded contours in the left half of the
complex plane going from ooe27%/3 to coe?™/3 which are nested from innermost
to outermost (or equivalently from left to right). Similarly let %flR, C1,R, C’g%
denote three unbounded contours in the left half of the complex plane going
from ocoe~™/3 to ooe™/3 which are nested from innermost to outermost (or

equivalently from left to right).

For convenience we denote
. in out . in out
CQ’L - — CQ,L U CQ,L and CQ’R - — CQ,R U CQ,R?

S1:=C1,L UCy R,

and
SQ = OI,R @] CQ7L

We also introduce the measure

—z1 out out
-dz,  we 03 UOSTR

1—2z
P 1 i 1
dp(w) = 1= dz,  we CFLUCT,
% w e Cl,L U Cl,R

With this setup we define Dg;ep(21) as the following Fredholm determinant

Definition 2.1.
Dstep(zl) = det (]. — Kletep)

where the operators

Ky : L*(So,du) — L*(S1,dp),  Kaep : L*(S1,dp) — L*(S2, dp)



are integral operators with kernels

exp(— le +zw? + hiw)—L—(1—2), weC v e€Cig
, exp(— le +:c1w + hlw)%(l 21 ), w e Cl L,’U}/ S CQ L

Ky(w,w') = 1 3 Y , ’ ’

exp(z (12 — m)w’ — (22 — x1)w? — (hy — hl)w)n(l —z1), we€Cyp,w €Cipr

exp(%(rg —1)w? — (29 — 21)w? — (hy — hﬁw)ﬁ(l —z7Y), we Cop,w' € Cy
and

exp(% 1(w ’)3+x1(w’)2+h1w’)w_w/, weCp,w €Cir

Ktep(w',w) = exp(—%(Tg — 1) (w')? + (29 — 21) (W) + (hg — hl)w’)ﬁ, w € Cyp,w € Cap

0 otherwise

Finally, the formula of F., obtained in [Liu, 21] is the following:

Definition 2.2. We have
1 dz
Fatep(hi, ho, (x1,71), (22, 72)) = f ———Dytep(21) -

L (@)
|z1|=1/2 1-— Z1 271'121

where the contour integral is oriented counter-clockwise.

Going forward I will let K := K Kstep

2.2 Main Conjecture

We are interested in the right tail of the two-point function
Ftep((h1, (21,71)), (h1 + ha, (21 + 22,71 + T2)))

We will focus only on the case when x1 = x2 = 0. Furthermore, we will consider
the case that
hziahl, T1 =— (T2

for a fixed constant o € (0, 1)

Going forward it will also be convenient to define the quantities hy =

1/3h1 and h2 =T, /3h2 It is worth noting that hg = a4/3h1 < h1

With these constraints I will be interested in the asymptotics of Fisep((h1, (21, 71)), (h1+
ha, (1 + 22,71 + T2)) as hy — +o0. I will provide calculations which will lead
to the following asymptotic formula.

Conjecture 2.3. Taking ho = ahy and 71 = amy for a fited 0 < a < 1 and
letting h1 — 400 we have

Fstep(hlu hl + h27 (077—1)7 (077—1 + 7—2)) =

3 s s .
E@tep(h15(077—1))7@a lhl 3/2e §(1+ 2) (1+O( 3/4))

(2.2)

where h1 =7 1/3h1

The statement above is labeled as a conjecture, because although the calcu-
lations are detailed, there are error terms appearing in the analysis which have
been neglected.

As an added consequence if this conjecture holds then we can compute the
limiting conditional probability



Conjecture 2.4. Taking he = ahy and 71 = amy for a fited 0 < a < 1 and
letting h1 — 400 we have

H(0,27T) — 75T H(0.2T) — 1T
limP< (0,202T) = T, | H(0,20T) — 7 §h1>

2

T—co —T1/3 - —T1/3 (2.3)
3 _15-8/2 _a(14a)i3/? ~_3/4 .
=1 oy e H N oY)
where le = 7_1—1/3h1
Proof of Conjecture 2.4 assuming Conjecture 2.3 holds.
Simply apply Baye’s Rule.
limy o, P H(212T27/;127§T)77—2T < hy H(211T27/;,12/T§T)77'1T < h1)
__ Fstep(hi,ho,(z1,m1),(x2,72))
- Fst,e.p(hla(mlﬂ—l))
o 2
14 7%a_1ﬁf3/257%(1+"2)h§/ (1+O(ﬁ;3/4))
1-0(hy #2317
—1— Ba th e 10+a)RY (1 4 O(h YY)
O
2.3 Trace Computation
The main result of this section is
Proposition 2.5.
tr(K)=(1—2z)J1 + (1 — 27 ") Js (2.4)

where

1 1 dz dw
Jp = - 3_ 23 h —2)— — —— 2.5
' /CLL /CLR exp( 37‘1(w F)+h(w=2)) (z —w)? 2mi 2mi (2:5)

and
J2 =

1 3 3 1 dz dw
—3 - ho(z —w)) 5 5— 5— 2.
/Cl,R /CI,L exp( 37'2(2 w’) + ha(z w))(w ~ )2 2mi 2 (2.6)

Proof. Simply unraveling the definitions and recalling that for Kgep(z, w) # 0
we must have w € Cy,p and z € Cy porw € Cy g and z € Cy .,

(i) = [ [ Ka0.2) Ko 0) i) dn)

=L+ L+L+I+]1;



:/ClL/lRexp —§T1(w3_z )+ hy(w _z))(z—;w)?(l_zl) ;;Z ;l:TUZ
:(1 Zl J1
I ::/ o Jow Ky (w, 2)Kgtep(2, w) du(z) du(w)
/m /m eXp _*TQ z —w )+h2(z— ))
dz dw 1
'm(l_zl ) omi 2t (1= 202
1 1
:(1—21 )mj2

where the last line follows from using Cauchy’s theorem to deform the contours
C;?R and C’;?L to Cy g and C1 1, respectively.

Similarly
I3 := / o Ki(w, 2) Kstep(2, w) du(z) dp(w)
—z
-z —=—
( Zl )(1 _ Zl)2 25
Iy = /C vt S Ki(w, 2) Kspep(2, w) du(z) dp(w)
_ —Z1
= 1 —_ 1 7J
( 21 )(1 _ 21)2 25
and

So summing everything,

].—21 ].—21
= (]. —Zl)Jl +(1 —Zfl)Jz

1 —z 2
Il—|—12+13+14+15:(1—2’1)J1+(1—2’11)( + ! > Ja

O

Corollary 2.6. tr(K) is completely independent of T, ha. Moreover keeping
x1,71 fired and letting hy — oo,

_8p3/2

% 1 (1—t7"(K)) d21 :Fstep(hlv(OaTl))+O(e s

z1|=1/2 1— Z1 27T’LZl

)
(2.7)

1 _apsres _3/9 355 32 -
1o ¢ MRy /(1*ﬂh1 2+ 0(hT?))



where iLl = Tfl/gﬁl

Proof. Using the residue theorem,

f 1 d2’1 -1
|z1]=1/2 1-— z1 27Ti21 ’

-z
|z1]=1/2 1-— z1 ! 27Ti21 ’

and
\% 1 (172_1) le :7f le -
la|=1/2 1 — 21 b omizg | =12 2miz]
So
f L —wr(ry) 2 1y
— —1_
|z1|=1/2 1-— Z1 27Ti2,’1 !
where

1 ; .
A:i/ / exp(— 2y (w® = 2%) 1 (0P — 22) £ ha (w0~ 2))
Ci1,L YC1,R 3

1

dw

(z —w)? 2mi 2mi

precisely (1.4), the trace term in the m = 1 case. The asymptotics (1.5) are
then obtained using the steepest descent method and the error term is obtained
through bounding the kernel appropiately and applying Hadamard’s inequality

to the higher order terms in the Fredholm determinant expansion (1.3).

2.4 Second Order Term
The next term in the Fredholm determinant det(1 — K) is

1
2/51 /51 det((K (wi, w)))1<i j<2)dp(wr)dp(ws)

= Sl ()2 — tr(i?)

From the previous section we know that

tr(K)2 =(1- z1)2J12 +2(1—2z)(1— zfl)Jng +(1- zf1)2J22

so that

le
+ J27{ (1—271 :
2 |21|=1/2 1 72mz%
~3/2

= J2 4201y = O(hy3e—3(Ha"h’™y

O

(2.9)



Turning to tr(K?), we have
(i) = [ [ (s w2 K e, w0) du(w) du(wa)
S1J85,

:/ / / Ky (wi, C1)Kstep(Crw2) K (wa, (2) Kspep(C2, 1)
sy Js1 /sy ) s,
dp(Cr) dp(C2) du(wr) dp(ws)

But in order for Kyiep(C1,w2) # 0 either ¢; € Ci g and we € Cyp or ¢ € Ca 1,
and wy € CQ’R. Similarly for Kstep(CQ,wl) 7é 0 either CQ S Cl,R and wy € Cl,L
or (2 € Co 1 and wy € Cy g. Therefore

tr(K?) = A1 + As + Ag + Ay

where

d¢y dlo dwy d
Ay 5:/ / / Ky (w1, C1) Kstep(Cr, w2) K1 (w2, C2) Kstep(Ca, w1) 4 da dun dwy
Ci1,L JC1,L JC1,r JC1 R

2mi 2w 2w 2mi

Ay = Z / / / Ki(wi, C1) Kstep(Crw2) Ky (w2, (2) Kpep(C2, w1)
CiL JC3 g CEL Cir

a,be{in,out}

dp(Cr) dp(Ca) du(wy) dp(ws),

As = Z / / / Kl(wlagl)Kstep(Ch'lUQ)Kl(wQ,CQ)KStep(CQ’wl)
a,be{in,out} C3r/CrL/CiR C;’)L
dp(Cr) dp(Cz) dp(wy) du(ws),
and
Ag = Z / / / K1 (w1, 1) Kstep(Cr, we) K1 (wa, (o) Kstep(C2, w1)
a,b,c,de{in,out} O3 R C;)R 3L Céi,L

dp(Cr) du(Cz) dp(wr) dp(ws)

First to estimate A;, make the usual change of variables (wy,ws,(1,(2) —
31/27'1_1/2(101,102,(1,(2), and recall that hy = 77Y/3h;. Then deform the up-
dated contours of integration C; r, and C g to be the steepest descent contours
for the Airy function, so

1 s 1
mmg [ [ enl g+l - - 4w — G- @)
16m Ci,L JCi1,L JC1,r JC1 R 3
dwy dws d(y d(o
(w1 — C1) (w2 — C1) (w1 — C2) (w2 — C2)
and since |wy — (1|, Jwa — (1|, w1 — (2|, w2 — (2] > 2 on the curves of integration,

a steepest descent analysis identical to that for the Tracy-Widom distribution
shows that

Ap = O(hy3e3M")

and therefore

1 ~ 873/2
ja{ 4, A = O(h;%—zh/ ) (2.10)
|

1 .
z1]|=1/2 1-— Z1 27’1’221



Next to analyze A4 we first look at one of the quadruple integrals in the
sum,

/ / / i, oy K010t G0 0, ) e G

du(Cl du (2) dM wi) dp(ws)

167r4/m /n/ / eXp 2w} +wd — ¢ = (3) — ho(wi + w2 — (1 — G)])

_ dwn dws dCl dCz
(w1 — C1)(w2 — C1) (w1 — G2) (w2 — C2)
The terms in the denominators |wy — (1|, jwe — (1], w1 — o, |w2 — (2| can re-

main bounded below by a fixed constant while deforming C3"; — Ci and
é?R — Cl’ R

(-2

(1 — 21)4

Arguing similarly for all 16 quadruple integrals in the sum defining A4, we
find that

1 —ZzZ1

A4:(1—211)2< >4A:(1—211)2A

1—Z1 1—21

where

dwy dws d¢y dCo

. T2, 3 33 3y A .
A— /C /C /C /C (G ol =@ -haurte -G f

does not depend on z,. Hence observe that

|z1|=1/2 1721 27Ti21 |z1|=1/2 Z:f 211

Moving on to Ay and Ag we first observe that through interchanging w; with
wg and (; with (o it is clear that Ay = Ajs.

Ay is the most difficult part to deal with because of the singular integrals
involved, so we will need the following lemma

Lemma 2.7. Suppose Cp, = {(—/1+ %,t) : t € R} the steepest descent con-
tour, and let CE (CR) be a curve which lies strictly to the left (right) of C which
also goes from e~ 3™o0o to e3i™oo. Then

dz = —mie 3" (1 + O(¥Y))  (2.12)

1
R3/2(_2.3
/Cfexp< (32 + s

and

/ exp(h3/2(—%z3 b)) — ds = mie= 1 L O (213)
of

z+1

as h — +oo.

10

) (w2 — 1) (ws

—G2)(



Simalarly for Cr = {(1/1+ %, t) : t € R} the steepest descent contour on the

right, and Ck (CE) be a curve which lies strictly to the left (right) of C' which
also goes from e~ 5'c0 to e5ioo

/Cexp(h?’/?(éz?)—z))) L de— —rie 3714009 (214)

L z—1
R
and
1 1 2,3/2
/ exp(F¥2(52 — 2)) - de = mie H (1L ORIY) (2.15)
cn -
as h = +oo

Proof. Addressing (1), Using the opening and ending angle condition, it is easy
to deform the contour CE to be near enough C7, so that outside of By (—1),
for ®(z) = —12% 4+ 2z, R®(2) < —(2 + ¢) for some fixed ¢ > 0. Furthermore
this contour can enter By(—1) at —1 — ¢ and exit at 1 + ¢ since RP(1 +4) =
RP(1 —i) = —5/3. Then for h > 1, on this newly deformed C¥£,

1
exp R32(—223 4 2 dz
/Cmel(—l)C (B 3 )))Z +1

2 1

=G | exp(F2(0(2) + (2 + ¢))
CEABy (~1)¢ z+1

3 dz

dz = 0(67(%“)}#/2)

3/2 2
< e~ (Grand/ / exp(®(2) + (2 + €))
CLABy (~1) 3 z+1

So focusing on the behaviour near zy = —1, we Taylor expand ®(z)

— 12342 = —24(2—1)?—1(2—1)*, and making the substitution w = h%/4(z—
. 1 1

exp(h??(—=2% 4 2))) dz

\/CfﬂBl(l) 3 z + 1

: dw
e L / exp(w? — h=3/4w?) —
r

)

w

_ e—%ha/z / eXp(w2)(1 n h_3/40(w3)) %U
N

where T' = h3/4((CF — 1) N B1(0)). Notice that T starts at —ih3/* and ends at
ih3/* so we can use Cauchy’s theorem to deform I' to be a contour composed
of a line segment from —ih®/* to —i followed by a radius 1 clockwise semicircle
from —i to 7, finally followed by another line segment from i to ih3/4.

It’s clear that h=%/% [ exp(w?)O(w?)dw = O(h~*/%) so it suffices to consider
the integral [ exp(w?) 22,

We immediately see that the integral on the two parts of I' on the imaginary
line cancel. Then using this symmetry again we can use Cauchy’s theorem to
shrink the remaining semicircle, so that

d T2
/ exp(w?) W im 2 do = — i
r w 010 Jar/2

This completes the proof for (1). The other asymptotics are obtained in a
very similar manner. O

11



Returning to A,, we analyze one of the terms in the sum,
Iin,in = / / ) / ) Kl(wh Cl)Kstep(Clva)Kl(w% CZ)Kstep(C%wl)
Cl L n n Cl R

dp(Cr) dp(G2) dp(wr) dp(ws)

First making our usual change of variables,

Lin.in /Cu/m/ /CIRGXP (G = wi) + hi (G —wr))

B dw1 d'lUQ dCl dCQ
exp(— g (w3 = ¢) + ha(wn = Q) - (e S -G

= h3/2 3_ .3 _
/7'11/2h1_1/201,L /7'21/2}7,_1/20”1 /1/2h—1/201% /Tll/zhl_l/QCLR exp( ( (CQ Ull)"‘(CQ Ull)))

expln(—5 (uf — ) + (w2~ Q)))
P 2 dwy 7y PR 2 dw,
(PR — o PR (PR Py — PR
ry hy*dG 72 hydg,

(m3 2y Pws — 75 PRy ) (g Py s — 7 PR )

Now from the key assumption that ho/hy = 79/71 it follows that h1/2 _1/2 =

hé/ 2]tau2 /2 50 that the order of the contours remains unchanged and the inte-
grand greatly simplifies. Therefore after deforming back to the original contours.

Iin,in =

L / . o (56 G el (567 o (6 GIan(6r o)

1 1 11 1 1
1_ 1oy — ([ —— ) — = o
x (1—21)(1—2 )QWi(l_Zl)2m'27rz'<1—21>277i

L
- 4.2 in,in
16727

where

dw1

— G1)(w1 = ¢2)

dw2

(w2 — C1)(w2 — (2)

Taylor eXpanding m up to first order in w1, and m up

91(C1,¢2) == /C eXP(hg/ (zl))uh —wy)) (w,

066 = [ el (—gud + )

to first order in ws, and further assuming C;?R and C , avoid the steepest
descent contours so that we can deform C; r and C;?L to the steepest descent
contours,

S — 572ty dun o iR B L
91(C1,C2) ~ - (1-G) /CLR exp(h (3w1 wy)) dwy ~ iy/Thy 7 e G DG D

12



1
(=1 =¢)(=1—¢)

1
(G +1)(G+1)

1 _273/2
92(C1, C2) ~ / exp(h3/2(7§wg’+w2))dw2 ~ iv/Thy 3/4,-3h

where I have used the asymptotic analysis of the Airy function to evaluate
each of the asymptotics above.

So
[’ — —7Th 3/4h 3/4 —7(h3/2+h3/2) (1) 1(2)
where ac
o= / ex 3/2 . L
in,in ;n p( ( Cl Cl)) (Cl _ 1)(41 + 1)
and

e
(G —1)(G2+1)

Now Taylor expanding 1/(¢1+1) and 1/(¢2—1) up to first order, and applying
Lemma 2.5,

L d :
K~y [ el (G6 - ) 22 ~ Jien 10"
2R

Jﬁmzé exp(h/ (¢ + )

G-1 2
and

1 N 1 dés T ar
f N_i/ exp(*(= 3¢ + IS
in,in 2 Crs p( 1 ( 342 CQ)) (C2—|—1) 5

so that
Izln in ™ —%3ﬁ;3/4ﬁ;3/4e—§(}}§/2+;bg/2)
Lin im ~ 1 ﬁ*3/4E;3/4 VAT

6422

Next we can similarly define Iy, out, Lout,ins Lout,out-

Going through the same analy&s for each we case we find that, I

out,out —
Il’n i and Il’n out = 1! -1 Now accounting for the measures and

out,in T in,in"*

the Q1(j) factors, Linout = loutin = =1 -2z)1~- Zl_l)i L. and

(1—21)2 1672 “in,out>

2
Toutout = (1—21)(1—27Y) ( —Z1 ) ﬁféut,out- So adding all the contributions

1—21

A2 + AS - 2A2 - 2( in,in + Izn out + Iout in + Iout out)

1 _ 1 —Z1 Z%
=—1—z)(1—2" -2 I
87T4( Zl)( 21 ) <(1_Zl)2 (1—21)2 + (1—21) in,in

(1 =+ 21)2
=———"Iinin
8z ’
Hence
1 dz 1 1+ 2)% dz
% 1 (AQ + A3) '1 = _7411/717111% ( 1) -12
|z|=1/2 1 — 21 2mizq 8m =172 1— 21 2mizg

_ 3 / 3 h—3/4h—3/4e,%( 3/2+h3/2)

grd inin ™ 390
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Now recalling that hy = a*/3hy with 0 < o < 1,

1 dz 3 ~ ] 23/2
7{ T, (et Aa) 5o~ e Ry O Ll (2.16)
lz1]=1/2 =

Therefore collecting all the terms, thus far, (2.7), (2.9), (2.10), and (2.16) we
have

1 1 dz
ﬁ;ﬂml_ﬁu—wm3+gwmﬁ—wmﬂb%;1

4

S0 2em 80 (1 L o(hTHY)

= step(hla (3:1’7—1)) - 64771'

So in order to further justify Conjecture 2.3, the higher order terms in the
Fredholm determinant defining Fl;., must be estimated. The beginning of this
analysis is carried out in the next section.

2.5 Higher Order Terms

Throughout this subsection we assume C1 7 = {(—y/1+ £,t) : t € R} and

Cip={(/1+ %,t) :t € R}, the steepest descent contours.
First we need a lemma similar to lemma 2.7 to deal with singular integral terms.

Lemma 2.8. For wy ¢ C1 g, we € Cy 1,

A 1 1 R R
/ exp(hi/* (32" = 2)) dz=0(i/ =i (218)
Ci,r

wy — 2)(we — 2)

where the implied constant is independent of d(wy,C1 R).
Similarly for wy ¢ C1,p, w2 € C1 R

~ 1 1 ~ 273/2
exp(hd/? (=223 + 2 dz = O(h3/ e 3h> 2.19
L, i35+ ) e = 0 ) (@19)

where the implied constant is independent of d(wy,C1 1).

Proof. T will only prove (1) since the proof of (2) is identical. I will also let
P(z) =32°— 2

First suppose d(w1, C1,r) > 3;3/2. Then

- 1

ex 3/2 z yA
‘LM P *0() oy oy

1. .
< fh‘;’/Q/ exp(h‘;’m@(z))dz
2 Ci,r

= mhy Ai(hy) = O(R3/ e~ 307

I have used the fact that ®(z) is real on Cy g and the asymptotics for the Airy
function above.
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Now in the event that d(wi,Ci r) < 3;3/2, we deform the contour Cj g
to a new contour C p which replaces the part where d(wi,z2) < ﬁ;sﬂ with

a circular arc which stays at distance ﬁ;3/2 from w;. On this new contour,
d(w1,C1 g) > iLIB/Q, Furthermore choosing any z = (4/1+ %,t) € C1,r with
d(z,wr) < iLl_?’/Q, then for any 2’ in the deformed part of Ci,Rv

RD(2) < RD(2) + |8 (%) |hy*/?

2 “_
< —(5+CIP) + O+ [t)hy 2
SO 5
hPRe() < S+
for le > 1, and as a result

/ exp(ﬁi’m@(z)) L dz
C

(w1 — 2)(wa — 2)

1. ~

<Si? [ expl*Re(2)dz

2 Cin
= O(ii}/ e 30"

O

Using this lemma to get bounds on the kernel K(z, ') and applying Hadamard’s
inequality one should be able to show that with the given restrictions on the
parameters,

|Fstep(h17 h27 (O7T1)a (077-2))_

dZ1
27Ti21

jlf L (0= tr(K) + Ser(K)? — tr(K2))

SR g 5 (2.20)

_ O(efé(min(2,1+2a2)fe))

for any € > 0. This would guarantee that the higher order terms would not
contribute to the leading asymptotics provided in Conjecture 2.3 or 2.4.

3 Discussion and Further Directions

Initially it was expected that the interesting asymptotic behaviour for Fyiep, (b1, R, (z1,71), (T2, 72))
would come from the trace term of the Fredholm determinant, but it turned out

to come from the second term in the expansion. This also produced an inter-

esting result because it seems that the value of the height function and two

different points at different times are quite far from being independent in the

1:2:3 scaling limit.

The relationship ho/hq = 71 /72 does not seem necessary, but in other cases,
the order of the contours will have to be switched when computing A, in order
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to complete a steepest descent analysis, forcing us to compute residue terms
from the beginning.

Going forward I will be filling in details of the proof and working on general-
izations. For instance what happens when ho/hy # 71 /72, ha = ahy, hy — 400,
and similar generalizations in the case when m > 2. Additionally I am exploring
the behaviour as h; — +o0o while holding ho fixed.
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