1. If fla,b] — R is a continuous function, prove that

6[; ]: fﬂy flx)f(y)f(z)dedydz = ([ab f(x) rl:l:)3

in the following steps:
a) First, observe that the domain of integration of the iterated integralisa < z <y < z <b.

b) Second, argue that the value of the iterated integral is the same for every domain a <
r1 € x2 < 3 < b where x1, x9, x3 is some permutation of x,y, z.

¢) Deduce the formula given by the right hand side.
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2. Let f, :[0,1] -5 R, n=1,2,..., be continuous functions such that for every ¢ > 0 there exists
N € Z* with

|fm(51-') - fn(J")| < €

for all m,n > N. You may assume the well-known result that there exists a continuous
function f which is the uniform limit of f,, as n — 00 .

Suppose in addition that f, are continuously differentiable and that for every € > 0 there
exists an N such that

|frfn('r) - fT’l(‘r)| <e€
for all m,n > N.
a) Prove that f is continuously differentiable.

b) Prove that f’ is the uniform limit of f) as n — oc.
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3. Let R be the region in C given by
{z|lmz > 0} N {z||z — i| > 1}.

a) Sketch the image of R under the map w = %

b) Find a conformal map from R to the region —1 < Imz < 1.
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4. Let p(z) = 1 — 422 + 2" with n > 2 being an integer. How many roots of p(z) = 0 lie in the
region
l—e<|z|<1l+e€

for e = ﬁ (or some other small number) and in the limit n — oo? Explain your answer.
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5. The Bernoulli polynomials ¢,(z) are defined by
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a) Verify that ¢o(z) = 1 and ¢1(z) = z — 3.

b) If n is a positive integer and z is a real number, find the residue of
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