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Physical Review 82 (1999)
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Science 187 (1997)

— 7Z.Xu. Electrostatic interaction in the presence of dielectric interfaces and polarization-

induced like-charge attraction, Physical Review E87, 013307 (2013)

— W. Rocchia. Polsson-Boltzmann FEquation Boundary Conditions for Biological Ap-
plications, Mathematical and computer modeling 41 (2005)

— P. Li, H. Johnston, R. Krasny. A Cartesian treecode for screened coulomb interac-

tions, Journal of Computational Physics 228 (2009)

F. H. Stillinger. Interfacial solutions of the Poisson-Boltzmann Equation, Journal of

Chemical Physics 35 (1961)

e improved the pKa computation employing mean field & reduced site approximation, and

Monte Carlo sampling
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In this report, we will focus on the numerical method for solving nonlinear PB equation.

2 Introduction

A biomolecule in the body is naturally surrounded by biofuilds,

which forms a biomolecule-solvent system. In biochemistry, in- | o .. + +)M0bi|e lons

teraction force, binding energies, and pKa computation are based
on the electrostatic potential in the biomolecule-solvent system.
The implicit Poisson-Boltzmann (PB) model has been developed
to compute the potential, partitioning the 3D space into molecule

part (€,,,) and solvent part (€25) by the molecular interface T’

with ion concentration denoted by C. Dielectric constants € is a | * - -

. . . . +
spaced-depended function which gives us different values between +

molecule (€,,) and solvent (e5). The Figure 1 shows charges are

Fi 1: lecular-solvent
distributed both in €2, and €2,. Charges in €,, are fixed, coming b

system
from partial charges allocated on the centers of atoms via force Y
fields. Charges in ()5 are mobile ions under the Boltzmann distribution. Given a position vari-
able © = (x1, z9, x3) in 3D space, applying Gauss’s law to the charge distribution both on the

molecular and in the solvent (assuming the equal monovalent cation and anion) leads the PB

model [1],
N
_emv2¢m(w) = 47TCZQI€5($ - yk) LAS Qm (1)
k=1
—e,V2p,(x) +sinh k’go(z) =0  x € Q, (2)

with the continuous interface conditions of potentials and their normal derivatives (on I'),

o) = 0u(@), e D) 00(E) ®)

where k, named as inverse Debye screening length, measures the ionic strength. The electric
charge density in molecular part is the summation of the charged distribution involving Delta
function for N partial charges ¢, located at y;, for k = 1,...,N. In €, the Boltzmann distribution
introduces a nonlinear term sinh k?¢(x). Keep the first term in Tayler Series, it can be treated

as a linear term k?¢(x) when r is a small value near zero, but the approximation makes the
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solution decay slower than the nonlinear one. Comparing the linear and nonlinear solution of
1D PBE, we also see the first derivative of potential, in physical representing the electric filed,
forms a discrepancy when x — 0. It is interesting to study the solution of nonlinear PBE
and compare the difference between it and the linear one. We apply the quasilinearization
technique to compute the electrostatic potential from 1D and 2D nonlinear PBE. The results
shows the scheme converges at the rate of O(N~=2). Section 3 is mainly focus on the 1D
case comparing with exact solution to test the solid second order accuracy convergency rate.
Section 4 extends the quasilinearization technique into 2D case in polar coordinate with radius
symmetry. Section 5 is 3D nonlinear PBE in spherical symmetry. In section 6, we plotted

thelD, 2D, 3D results of the same boundary condition in one figure.

3 1D nonlinear Poisson-Boltzmann Equation (PBE)

3.1 solvent part
3.1.1 nondimensionalization

The 1D nonlinear PBE to study of electrostatics in salty solutions is showed [2]
d? 2C
o) 204 go)

dz? €0€ kT’

(4)

where ¢ is electric potential; C' is equal concentration of monovalent cations and anions; q is
electric charge; T is temperature; €, is electrical permittivity of free space; € is the dielectric

constant of solvent; kp is Boltzmann constants. To reduce units, substitute z and (% defined by,

. C T4
T = q GOEI{IBTJ:’ ¢ - kBT¢7 (5)

the nondimensionalized equation is obtained as,

& (&) = sinh (). (6)

3.1.2 analytical solution

Choose the domain & € [z,00) and two boundary conditions as (5(1’0) = ¢, é(oo) = 0.

Multipling both sides multiply by ¢’, equation (6) becomes,

¢ ¢ =sinho- ¢ (7)
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Take the integral,

1 . .
§(¢’)2 = cosh ¢ + A.

Since ngS(oo) = ¢/(00) =0, A = —1. Taking a square root both side leads to,

¢ =1/2coshp — 2 = \/4cosh22 —4= —QSinh%j.

In order to fit in the boundary condition chosen, keep the negative square root,

5
__ 49 - = dZ.
2sinh %
Substitute v and du,
1 inh ¢ . 2 b
S S P L R SRy
cosh %5 2 cosh? % 2 2
Left hand side can be simplified as
d& B sinh %5 dngﬁ o sinh % dqg B du du

osinh ¢ 2sinh??  2(F -1 W& -1 1-u?

Turn equation (10) into the form,

du

1 —u?

A

Take the integral,
tanh™'(u) + B = #
As ¢(z0) = ¢, then B = zy — tanh_l(%) which leads to,

1 1
tanh ™ ( ) — tanh™'( 5o) =& — o,
cosh %5 cosh 3

coshé—l—l cosh £ + 1
In( 2 In(——2—) = & — a,

1 1
2 cosh% -1 2 Cosh% -1

cosh§+1 cosh%—l
COSh%A) —1 COSh%“‘l

_ e(aﬁ—wo)'

=

)

Apply coshv + 1 = 2cosh?(v/2), coshv — 1 = 2sinh*(v/2) to simplify the equation,

[ols)
tanh _ (a-a0).

tanh %S

(10)

(11)
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The solution is
o) = 4tanh1(tanh(%)e(iz°)). (19)

If choosing the domain of x to be (—oo, 2| and the boundary conditions ¢(—o0) = 0, ¢(xy) =

¢n and following similar steps, we will get,

$(x) = 4tanh_1(tanh(qiTN)e(x_””N)). (20)
3.2 Numerical solution
3.2.1 (quasilinearization [3]
Quasilinearization p N-interval solution
—Exact 0
-o Quasilinearization | /,
- |
N 1
< !
2 |
By Bng o e e By G B, Xy

Figure 2: Discretization, uniform ¢ mesh points with corresponding projected x points

Since we are going to apply quasilinearization technique solves nonlinear protein-solvent schema,
we can use the solvent part as a test case. It employs a piecewise linear approximation of the
nonlinear term in the differential equation. The mesh points are chosen by projecting uniform
values of the potential onto the domain, and matching conditions are enforced at the interior
mesh points. The Figure 2 gives a N-interval solution and its approximation of the right hand

side function.

Before looking the half-infinity domain problem, we solve for a two-point boundary value prob-
lem at first,
¢"(z) = sinh(¢(x)), (21)

6(a) = b, o) = 4tanh1(tanh<%>eb+a) (22)
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In this case, the right hand side function f(¢) is defined by,

f(¢) = sinh(¢). (23)

Apply the idea of quasilinearization, we replace the right hand side function, sinh(¢), by its
equally linear interpolation under a ¢-mesh (¢g, ¢1,..., ¢n) with corresponding x value (xg, x1,
..., Ty, where

a=20< T <Tp<..<xny=0>0 (24)

Define the ith interval by the boundary x;_1 < x < x;, for ¢+ = 1 : N. In ¢th interval, the
equation (21) and (22) turn to be,

¢} (x) = (di(x) — diz1) + [(dic1), (25)

</5i($i—1) = Pi_1, ¢1(Iz) = ¢i, (26)
where the 16— f1 )
o J(Pi) — f(dia

L @7

3.2.2 solution for each interval

Solution is a combination of homogeneous part and particular part. The homogeneous solution
satisfies the boundary condition (26). The particular solution satisfy the zero boundary condi-
tion. First, find a combination of the fundamental solutions, u;(z) and v;(z) that satisfy the

boundary condition,
Ui(iCi,l) = Ul(l'z) = O, Ul($z) = 'Ui(l'ifl) =1. (28)

The u;(z) and v;(x) are given by,

sinh o;(z — x;_1) sinh o (z; — x)
u;i(z) = = ;o vi(r) = = :
sinh o (z; — ;1) sinh o (x; — ;1)

The solution is in the form,

¢i(x) = diui(x) + dirvi(x) + Pi(x). (30)

where the P;(z) is the particular solution which satisfies the P;(x;—1) = P;(x;) = 0. Since the
Green’s function exists for the problem, the particular solution can be expressed into,

C;

P@) = [ (@ (61) — atonn)de +

C;

/“w@xﬂ@AJ—a%Fn&' (31)

6
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where
ci = Zz ZZ = wv, — wv; = o aiéjﬂ ) (32)
After simplification, the particular solution is,
Pi(z) = (¢i—1 — Bi) (1 — ui(z) — vi()), (33)
where 3; = f((i;gl) Recalling the equation (30), the solution is,
¢i(7) = ¢ui(x) + ¢im1vi(@) + (di1 — Bi) (1 — wi(2) — vi(w)) (34)

3.2.3 matching condition

We match up all the piecewise solutions by setting the derivative of the solutions equal at the

interiors,
¢i(zi) = g (@), i=1:N—L (35)

The derivative form of the solution is,

¢i(x) = diuy(w) + Pirvi(w) — (¢ia — Bi) (ui(w) + vi(x)) (36)
where
O et e O gy O
The boundary for derivative of u;(x) and v;(z) is,
ui(wi-1) = sinh ai(j; —xiq) ui(wi) = tanh ai(zj — 1) (38)
vl(wir) = - vi(a:) = - (39)

~ tanh ai(z; — xiq) " sinh a;(z; — i)

For the x; point, the equation (35), which is expressed by
Gi—1vi(xi) + @i(ui(i) — viga (23)) — Girruiyy (2:) =
(Gim1 — Bi)(ui(zi) + vi(zi)) — (¢ — 5¢+1)(u;‘+1(%’) + U£+1(1’i))- (40)

For the 2-interval solution, only having one middle point to update, which can be solved using

fixed-point iteration,

by = —B1(uy (1) +vi(21)) + Ba(uy(w1) + va(x1)) + ouy(w1) + ¢2U'2(331). (41)

i (1) + up(2:)

7
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Use the To form a row of a matrix, we cleaning the equation to a form,

a;Qi—1 + bi; + cipi1 = Ry, i=1,2,.,N—1 (42)

where
a; = vi(xi), b = wx;) — v (1), o= —ui (), (43)
i = (i1 — /Bz)(U;(Iz) + U;(%)) — (¢s — 5z‘+1)(ug+1(xi) + U§+1(Ii))7 (44)

where A is a tridiagonal and symmetric matrix.

Combining all the matching condition, the equation (42), we can form them into a matrix,

Az, 9)¢ = R(z, ¢), (45)
bb 2 0 0 -+ 0 o r1 — a19(0)
0 a by, ¢ -+ 0 ®2 T2
0 . . . .0 |x : = : : (46)
0 0 anv—2 bn—2 cn—2 ON_2 rN_2
0 0 an-1 by ON-1 rN-1— cn_19(L)

If we choose a uniform mesh for ¢, the error is bound by O(N~?) caused by solving the system

iteratively.

3.2.4 numerical implementation

To make sure the ¢ points are uniformly distributed in each iteration, we have an inner iteration
with index k& and an outer iteration with index j. The inner iteration is to update ¢ values

with fixed x values to satisfy the matching condition,
A(a?, 6" = R(a?, ¢). (47)
Given a convergence criteria €4, the inner iteration stop when
[ — 0F| < e (48)

Since the result of the inner iteration, the ¢ value will not be uniformly distributed. To reach
the optimal error, we project the evenly distributed ¢ value on to the latest numerical solution

that formed by the updated ¢ value obtained by the inner iteration to get new x points.
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Recalling the equation (34), we solve for the = value when we set the right hand side a uniform

mesh of ¢,

¢ (@) = ¢, (49)
where ¢, is a uniform mesh of ¢ with N intervals. The explicit item in the ¢, is given by,
0) —o(L
qﬁgznw, n=1:N-—1. (50)

The outer iteration has a converge criteria €,. The whole iteration stop when,
|27t — 27| < e, (51)

Each time at the end of the outer iteration, we can multiple the number of intervals, N, by
2. The result turns out to be N =1, 2, 4, ..., 2™. For each iteration, the initial guess come
form the previous solution. For example, the initial guess for the two intervals iteration comes
form the result of the one interval solution. The first initial guess can be obtained with the
result of one interval, where the right hand side function is approximated by one straight line.
We project new equispaced ¢ points onto z-axis to obtain the initial guess for new partitions.
Then, we go into the inner iteration to updated ¢ values and then the outer iteration to
update x values.

We can treat the outer iteration as a root finding problem and apply the numerical methods
like bisection method, Newton’s method to update new x points. The pseudocode is provided

as follow.

1 Provide the boundary information, xg, xx, ¢o, ®n. Let N be the current partition number of

intervals. Initially set to one.

2 Project the uniformly distributed ¢ point(s), denoted as ¢4, onto the N-interval solution to
get the x,,,4, which is the initial partition for the inner iteration to get a matching 2 N-interval
solution. Before projection, we need first judge which interval those ¢,,;q lie in and apply the

root-finding technique.

Note that, we skip the even point in projection, since it should stay the same as the result of

previous N-interval solution.

4 Do the inner iteration, using the matching condition to update ¢ values with fixed x values.

The matching condition applies the iterative method, the equation (47).

5 Update the x values by projecting the same euqispaced ¢,,;q onto the current 2N-interval
solution. The 2N-interval solution is generated by the current x values and updated phi values

from inner iteration.
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6 Go back to the inner iteration (step 4), and repeat doing the step 4 and 5 until the x values

converges. This is the outer iteration.

7 Update the N value to be 2N, N = 2N.

3.2.5 domain extension from [0,L] to [0, o]

The last interval is treated as a special case to make the domain of z extends to [0,00]. The

boundary condition for the last interval becomes,
on(ry-1) = dn-1, ¢n(c0) =0.
Recall the equation (25) and apply it for the last interval,
N(x) = ay(on(r) = on-1) + fldn-1),
Suppose the particular solution is a constant C', then make a substitution,
C= ¢N—1 - /BN-

The fundamental solutions are e*¥* and e~*V*. Then, the solution is given by,

¢n(x) = Ae®N" + Be” "V + o1 — By
Solving coefficients A and B to satisfy the boundary conditions in equation (52),

¢N(OO):0:>A:07 ng—l_ﬂN:Ov

On(TN—1) = pN_1 = B = 1NN,

The solution, equation (55), and its derivative are as follows,

PN () = py_re” NI g (1) = —any_gem N ETIN),

(52)

(53)

(54)

(56a)
(56D)

(57)

For the matching condition, inner iteration, the special case of the last interval turns to be,

Py_1(zn-1) = Py (TN-1). (58)

Apply the equation (36) and (132) to expand the equation as follows,
On—1uy_y(Tn-1) F On 2V 1 (Tn—1) = (D2 — Byv-1)(Uuy_1(tn1) + oy (TN-1)) = —andn-1.
(59)

10
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Then last row of the matrix that applies the matching condition is,

—On—ouy_1(xn_1) + dn-1(uy_y(2n-1) +an) = =PBy-1(uy_ (2n-1) + vy 1 (Tn-1)).  (60)

Also, for the first ¢ midpoint, the explicit formula is given,

=Bl () +vi(21)) + douy (1)

= . 61
o1 uy (1) + g (61)
For the outer iteration, the process is quite direct,
1 _
¢N—1€_QN(I_CEN_1) = ¢evenly = T =2TN-1 + — In ¢N . (62)

anN ¢even1y
Alternatively, we make a revise on the bisection method to apply in the outer iteration. First
pick ¢n_1 as the right endpoint and check whether the sign of function values at two endpoints
are opposite. If opposite, then apply the normal bisection method, otherwise, double the right
endpoint iteratively.

Very similar process for the domain of (—oo, 0] to treat the first interval as a special case,

61(2) = e Gl (x) = angre™ ), (63)

The inner iteration turns to be,

(ugy(21) + 1) pr — up(w1)do = Ba(uy(wy) + vy(21)) (64)

The outer iteration, it is,

- L Pevent
¢16(XN($ ™) = ¢evenly zr=x+—In oy

o o1 (65)

3.2.6 results

The Figure 3 shows how the numerical solutions gradually approach the exact solution up to
the eight-interval solution. The graph contains a original plot of solutions and a magnification

version of the plot near the middle point of ¢.

The Table 1 contains the error analysis under the error tolerance equals le-12. The first two
columns are the number of intervals and the max error based on solution of such that number
of intervals. The max error is calculated by the max of absolute differences of numerical results
and exact solution on the mesh points. The third column indicates that the error is bound
by O(N~2). Note that each time increasing the number of interval, the 2N-solution, which is

closer to the exact solution, will be above the N-solution. Here is a simple proof.

11
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21 1.015}
— 1D-exact
——1D-1 interval sol 1.01¢}
1.5+ 1D-2 interval sol
| —1D-4 interval sol 1.005 —1D-exact
—1D-8 interval sol 1l ~——1D-1 interval sol
© 1 1D-2 interval sol

0.995 ——1D-4 interval sol
—1D-8 interval sol
05+ 0.99 !
0.985 ¢
0 : : ‘ ‘ ‘
8 10 1.5 1.55 1.6

Figure 3: 1D numerical result: 8-Interval solution (left), its magnification around ¢ = 1 (right);

boundary condition: ¢(0) =2, ¢(oc0) =0

N | Max Error | Max Error- N2
2 | 0.02688513 0.10754053
4 1 0.00688749 0.11019977
8 | 0.00180185 0.11531836
16 | 0.00045037 0.11529390
32 | 0.00011259 0.11529054
64 | 0.00002816 0.11534344

Table 1: Numerical results: errors analysis for 2 number of intervals, k = 1 : 6; boundary

condition : ¢(0) =2, ¢p(c0) =0

With the same boundary condition, we define the difference of the two solution,

u=¢(z; N, ¢o) — ¢(x;2N, ¢), u(0) =0, u(co) =0 (66)
Then, the second derivative of u is given,
’LL” = gb”(ﬂf; N7 ¢0) - ¢/,($; 2N7 ¢0) Z 0 (67)

With zero boundary condition and positive second derivative, the function u(x) can be draw

all below the z-axis, which means,

12



2017 summer REU program in University of Michigan

Under the same idea, we also can show that the nonlinear solution is always smaller than the

linear solution because the V¢ > 0, sinh ¢ > ¢.

3.3 1D solvent-protein system
3.3.1 linear version: analytic solution

In 1D, the equation (1) and (2) can be linearized as,

() = gublr—y)  0<z<10<y<l, (69a)
—ed"(x) + K*¢(x) =0  w<0orx>1, (69Db)

with the boundary condition ¢(+oo0) = 0. The corresponding matching condition on the
interface (I) is,

¢(07) = o(07), $(17) = o(17), (70a)
€¢/(07) = 6¢'(07),  6d(17) = eud/(17). (70b)

For the middle interval, the ¢, is obtained by integration twice,

b2(w) =~ [gH(z ~ y)(w —y) + Az + B, (1)

where A and B are two constants that will be determined by the matching condition later.

For the two end intervals, let

K
= ) 72
0= 7
Applying the boundary condition to each case, the ¢; and ¢3 are in the form of

o1(z) = Ce™™ x <0, (73)
¢3(x) =De ™ x>1 (74)

Applying the matching conditions in equation (70a) and (70b), we get a linear system
B+¢C=0 (75a)
A+eaC =0 (75b)
A+ B+¢e,De™® = —q(1 —y) (75¢)
A —e,aDe™™ = —q (75d)

13
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The final solution is,

Ce*® x <0
—i(Ax—I—B) 0<x<y
p) = (76)
(el —y)+Az+B) y<x<1
\De*a‘” x> 1,
where,
€, + esa(l — A+qgle®
CZQ[p S ( y)]’ A:—ESOéC, B:—EPC, D:< q) . (77)
esa(2€, + €;) €5
rk=1.00, € =2,es=80,q=1,y=0.50 k=0.15, ¢ =2,es=80,q=-1,y=0.35
0.2 P -0.25¢ P
|
0.15! | 03
Il
“‘\ -0.35| |
01+ i ;
I -0.4+ | |
| ||
0'05/ \ -0.45} ‘H‘
I
|
%0 -5 0 5 10 035 -5 0 5 10
k= 0.15, €= 2, €= 80,q=1,y=0.35 k=0.15, €= 2, €= 4,q=1,y=0.35
0.5 ” 1.8¢ 4
‘H‘ //‘ \‘\\
0.45/ i 16] /A
| /
0.4+ | “‘ 141
|
\
0.35¢ \ 121
0.3} \ 1}t
0.25 ‘ ‘ ‘ J 0.8 ‘ ‘ ‘ ‘
10 -5 0 5 10 10 -5 0 5 10

Figure 4: Analytic solution of linear protein-solvent system with different physical constants

The Figure 4 shows how the physical constant is related to solution. With a large x value, the
potential in the solvent will decrease a little bit slower. With a small difference of €, and ¢,
the solution is smoother. The sign of charge can makehe solution revseral. The 1D nonlinear

solvent and protein system is set the same except for replacing the solvent part by,

e,¢" (x) = sinh k?¢(z) (78)

14
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3.3.2 nonlinear version: numerical solution

Apply the quasilinearization to the solvent part and add the matching condition at the molecular

surface into the whole matching condition.

When the number of interval, N = 1, the matching condition at the 0 and 1 is treated as a
special case. The one-interval solution equals to the linear solution of PBE. To enforce the
matching condition, we need first get the solution of the protein part and its derivative at two

endpoints. Solving by the homogeneous solution plus particular solution, the ¢o(x) is given,

q q

6ala) = d50+ 03 (1—1) — Lo — ) H(a—y) + L1~y (79)
P P
and its derivation,
éh(x) = 6 — oy — —H(x —y) + (1 —y). (80)
€p €p
The derivative att two endpoints,
ep®3(0) = €s(0g — dy) +a(l —y), (1) = el — dy) — av. (81)
Recalling to equations (132), (63), and (81), we can derive,
esay dy = ep(dg — ¢1) +a(1—y) (82a)
—€s0 dg = &(¢g — ¢1) —qy (82b)

Write the two equations into a linear system, A¢ = b, where A is symmetric,

€s0; + € —€p gbl_ _ Q(l - y) (83)

€p €s Oéii_ + € ¢8_ qy

As for N > 2, recalling the equation (36) the matching condition at the 0 and 1 turns to be,
es(dyuy (0) + oy vy (0) = (dy_y — B)(uy (0) + 0y (0)) = 65(¢5 — dy) +a(l—y)  (84)

es(¢fur (1) + o vy (1) = (0 — B (uy" (1) + 0,7 (1)) = e (0 — o) — ay (85)

Put the two equations into the whole matching conditions. Since not involving normal middle

15
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matching condition, also treat N = 2 as a special case as follows,

uy () + o —uy (ay) 0 0 o7
esvy (0) estiy (0) + €, —€p 0 by

0 —€p —e,07 (1) + €p —e,urt(1) b

0 0 —u (@) w (@) ey )\ of

By (uy (1) + vy (27))
es(Pn_1 — Bz‘v)(U}G(O) +uy (0) +q(1—y)
(

= (86)
—es(pg — 50)( (1 )‘H)l 1) +qy
—51 (Ul (xl )+ Ul (J/T»
When N > 4, the matching conditions are Ax = b, where
bh oo 0 0 0 0 0 0 0 ¢1 T
0 ao by Co 0 0 (b; T2
0 0
0 anN_1 bN_1 CN-1 0 0 ¢]_V_1 N-1
0 0 anN bN CN 0 s s 0 ¢]_V - N
0 0  any1 byvi1 engr 0 0 G TN+1 ’
0 0 ant2 byi2 N2 0 N TN+2
0 0
0 asn—1 ban—1 can—1 O ot Fon_1
0 0 asy  ban ot on
(87)
by =uy (z7) +of, o =—uy (27),
ag =vy (1y), by =1uy (z5) — U3 (x3), c2= _U37(I27)7
an—1 =Vy 1 (Ty 1), bvar=uy (Ty 1) —vy (Ty 1), ovo1= —uy(Ty_y),
an = €00 (0), by =euy(0)+6, cn=—6p,
N Nl P P , (88)
aANt+1 = —€p, bN+1 - _65U1+<1) + €p, CN+41 =— —65U1+<1),
ana =0 (2f), byyo =it (@) — vt (@), enge = —us" (2),
A2N-1 = 01\12@;\;72)’ ban—1 = u&lQ(a:;(,fQ) UJ\J/r 1(93; 5), Coan—1 = _UJ\J/rfl(xJJ(ffz)v
aon = —ui (27),  ban = u (@) + a3,
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=By (uy (w7) + vy (a7)),

ra = (91 — Ba )(ug (23) + vy (23)) — (b3 — B3 ) (uy (z3) + 5 (23)),

TN-1 = (Oy_o — By_1) (Un_1(Ty_1) + Uy (Ty_1)) = (On_1 — By) (Wy (Tn_1) + Vi (Ty-1)),

ry = es(dy_y —ﬁfv)(u}v( ) + vy (0) +q(1—y),

raer = —e(ég — B3 (uyt (1) + 0, (1) + gy,

rne = (¢g — B (uf (27) + o (2)) — (ér — B ) (s (27) + vy’ (27)),

ran—1 = (Pn_3 = Br—o) (Un_o(Th o) + VN _2(Th ) = (BN —o — By_ 1) (UN_1 (T o) + U1 (T} _2)),

ToaN = —5;{771(“]\711(55%71) + Uz\tl(f’%fl»'

N—
N

(89)

In Figure 5, the numerical results are obtained with input test physical constants,

0.5¢

0.27950705 ¢
0.4r I

03 |
- Jd q -
0.2 4 b

0.279507 |

0.1+ o ° 0.27950695 |

-100 -50 0 50 100 0.99998 1 1.00002
X X

Figure 5: Numerical results: 8-Interval solution (left), magnification around ¢ point (right)

€. =80,¢6,=2 ¢g=1, k=015 y =05 (90)

and the error tolerance is set as le-12. The left graph in Figure 5 is the magnification around
the ¢¢ point, which only left with the exact solution with the plus symbol and the 8-interval
solution with a circle symbol. There are two curves on the right of the 8-interval solution are
4-interval solution and 2-intervals solution. The 4-interval solution is closer to the 8-interval

solution which means the algorithm converges monotonically.

The error analysis matches our expectation of O(N~2) in Table 2. Besides, the third column
in Table 2 also shows that the converged constant calculated by max error times N? is a quite
small number under 1e-6 scale. Later, we will change different physical constants and see how

the max error changes.
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N | Max Error | Max Error- N?
1 1 0.0000089288 | 0.0000089288
2 |1 0.0000021887 | 0.0000087550
4 | 0.0000005461 | 0.0000087380
8 | 0.0000001364 | 0.0000087349
16 | 0.0000000341 | 0.0000087342
32 | 0.0000000085 | 0.0000087339
64 | 0.0000000021 | 0.0000087334

Table 2: Numerical results: errors analysis for 2¥ number of intervals, k = 0 : 6

4 2D polar coordinate with radial symmetry

4.1 solvent part finite domain [a,b]

In 2D polar coordinate, the Laplacian becomes V? = %% + g—; + %g—;. With radius symmetry;,

r

the nonlinear PBE in solvent part becomes,
/! 1 / :
¢" + —¢' = sinh ¢, (91)
,

with arbitrary boundary conditions ¢(ry) = ¢o, d(ry) = ¢n, where 1o # 0, ry # 0. Assume a
general right hand side function f(¢) = sinh ¢ and follow the steps in section 3.2.1, we solve

the linearized problem in each sub-interval,

B(r) + 6r) = a2(6(r) — 6i) + F(9i), (92)
with boundary condition,
¢i(rifl) = ¢i-1, ¢z(7"z) = i, (93)
where the () ( )
o f(9i) = f(dia
&= i — dic1 o)

To find the fundamental solution of the homogeneous equation ¢f(r) + £¢i(r) — a2¢;(r) = 0
and apply the Theorem 5.5 in Folland’s book [4]. Choose p = ¢ = 1,a = —a? < 0,b = 0, we

can obtain the general solution,
gb(?”) = Cl.[()(OéiT) + CQKO(O[Z‘T) (95)

18
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Then, find a combination of fundamental solutions w;(r), v;(r) satisfy the boundary condition,
Ui<7"i_1) = Ui(ri) = O, UZ(T’Z) = 'Ui(ri—l) = 1. (96)

Define
1

Qi a Io(OéiTi—1)K0(Oéi7“¢) - IO(aiTi)K0<airi—1)

(97)

The u;(r), v;(r) are given by,

() = —Io(air)Kg(airi_l)Q—l— Io(airi_l)Ko(air)7 (98)
Ui(T) _ ]O(O./Z"I“)Ko(ai’f‘i) C;Z Io(()éi’l“i)Ko(ai’l“) ‘ (99)

With the same principle in section 3.2.1, we can get the particular solution P;(r) = (¢;—1 —

Bi)(1—wu;(r) —v;(r)) satisfying zero boundary condition P;(r;—;) = P;(r;) = 0. Then the general

solution in each sub-interval is,

¢i(r) = ¢iui(r) + ¢iavi(r) + (i1 — Bi) (1 — wi(r) — vi(r)) (100)

The derivative form of the solution is,

¢i(1r) = iug(r) + di1v; (1) — (di—1 — B) (wj(r) +vi(r)) (101)

where
w(r) = —%[Il(air)Ko(am_l) + Ip(agrion) K (i), (102)
Vi(r) = %[Il(air)[(o(ozin) + I(cur) K (aur))- (103)

For the r; point, applying the matching condition (35) to the derivative of two adjacent piecewise

solutions,

diu (1) + Pimavi (1) — (Pi1 — Bs) (ws(ri) + vi(ri)) =
birrti 1 (ri) + dvi 1 (ri) — (di = Bigr) (wjy 1 (15) + vy (1)), (104)

Then, follow the steps in section 3.2.1, we can solve the finite domain problem. For the outer

iteration, we update x values by implementing bisection method in projection.
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4.2 half-infinite domain [a,o0]

Follow the similar idea in section 3.2.5, but replace the fundamental solution with modified

bessel functions,
on(r) = Alo(anr) + BKo(ant) + ¢n-1 — Bn, (105)
where A and B are unknown coefficients determined by the boundary conditions. With the
boundary condition,
on(Tn-1) = dn-1, dn(00) =0. (106)
obtain the solution and its derivative for the last interval,

PN-1

B Ko(OéNTN—1)

aNON-1

Ko(anr), ¢y(r) =  Kolanry_1)

on(r) Ki(ayr). (107)

The inner iteration for the last interior point comes,

Pn_1Uy_1(TN1) + ON—2Vy_1 (PN_1) — (DN—2 — Bn—1)(Wy_1(rn=1) + Vy_1(rn_1)) =

aNPN_1
- K —1). (108
Ko(OéNTN—l) l(aNTN 1) ( )

After simplification, the last row of the matrix is,

Ko(OéNT’N—l)]

Ki(anry-_1) = Aty (1) F o ().

—pn_gty_1(rN—1) +Ona[uy_ i (rv—1) +an

(109)
For the one-interval, we treat as a special fixed-point iteration,
¢1 — _61(1’[’/1 (Tl) + Ui (Tllg) + ¢OU’I1 (Tl) . (110)
/ Ko(azr1)
uy(re) + o K1 (a2r1)
while the outer iteration turns to be,
ON_
o (r) VL Ko(anr) = ¢e (111)

B Ko(anrn-1)
It can be solved directly but the explicit formula does not work in general. Thus, we choose
the revised bisection method (continuously choose twice of the right point if the two end points

cannot satisfy the initial condition for bisection method).

4.3 results

The Figure 6 shows the numerical solutions converge monotonically up to the eight-interval
solution. The graph contains a original plot of solutions and a magnification version of the plot

near the middle point of ¢.
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2r \
2D-1 interval sol 102! 2D-1 interval sol
2D-2 interval sol : \ 2D-2 interval sol
15¢ ——2D-4 interval sol \ | 2D-4 interval sol
—2D-8 interval sol 1.01¢ ‘\\ —2D-8 interval sol
\
\
\\
|
0.99 - \
\
\
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X X

Figure 6: 2D numerical result: 8-Interval solution (left), its magnification around ¢ = 1 (right);

boundary condition: ¢(0) =2, ¢(oc0) =0

N | Max Error | Max Error- N2
2 1 0.02296504 0.09186017
4 | 0.00582557 0.09320905
8 10.00147031 0.09409996
16 | 0.00036417 0.09322820
32 | 0.00008989 0.09204906
64 | 0.00002140 0.08764091

Table 3: Numerical results: errors analysis for 2 number of intervals, k = 1 : 6; boundary

condition : ¢(1) =2, ¢p(c0) =0

The Table 4 contains the error analysis under the error tolerance equals le-10. Assume the
128-interval solution is a enough-accurate solution, we compute the max error by taking the
max of difference between current interval solution and 128-interval solution on x-mesh points.
The first two columns are the number of intervals and the max error based on solution of such
that number of intervals. The third and forth column indicates that the error is bound by
O(N~2) for the first several rows. Although the last row the error bound is invalid since the

64-interval solution is too closer to 128-interval solution, it is reasonable to see the quadratic

convergence in 2D case.
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4.4 include zero in the domain

Similarly as section 4.2, the general solution in the first interval is given,

¢1(r) = c1lo(arr) + caKo(aar) + ¢o — B, (112)

we treat the first interval as a special case with the specified boundary

inh
where ) = Sma—;z’o

condition and solve for the two unknown coefficients in the solution,

¢1(0) =0, ¢y(L) = ¢, [6]. (113)

With ¢; = co = 0, we can represent the solution as a function of the two endpoints ¢,

¢
arli(a1 L)’
and ¢r. Then, we solve for ¢y and ¢, by enforcing the boundary condition itself ¢1(0) = ¢y,

¢1(L) = ¢, using fixed-point iteration before going into regular inner and outer iteration.

/

i+1 o, i i
= ' — 114
0 0/1]1(0/1[/) _'_ ¢0 Bl ( )

/ 7

it1 ¢ lo(ai L) i i
=l 17 — 115
Ry vy (115)

where index ¢ means the current step and ¢ + 1 represents the updated values.

5 3D spherical coordinate with shpecial symmetry

5.1 finite domain

In 3D spherical coordinate, the Laplacian becomes

, 10,,0 1 9 0 1 o

= —=—(p"=— —(sinf—) + ——5——=——. 116
20, 9,0t Zana 06088 T ramra 002 (116)
Under spherical symmetry, the nonlinear PBE is given,
2
¢" + =¢ =sinh ¢ [5], with boundary condition : ¢(pg) = ¢o, d(pn) = O, (117)
p

where pg # 0 and py # 0. Following the same quasilinearization technique, we first solve the

linearized problem in each sub-interval,

8(p) + §¢;<p> — Q2(4(0) — dir) + F(dra), (115)

with boundary condition,

¢i(pi—1) = Pi_1, ¢z(ﬂz) = ¢y, (119)
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where the

o (i) = f(diz1) (120)

o = .

’ ¢z - Qbifl

First, to find the fundamental solution of homogeneous equation

&(0) + §¢;<p> ~a24u(p) =0, (121)

we introduce a new function g(p) such that

1, ¢ , 2 1, 2

g / / 1 /
p==,¢=-9¢—-5,9¢"==59+-9"— 7, (122)
p p- P pPPTp p?
and substitute into equation (121) to obtain,
g —alg=0. (123)
Back solve to get the two fundamental solutions of equation (121) : % and % Then, find
a combination of fundamental solutions,
us(p) = pisinha;(p — pi_1) vilp) = pi—1sinh a;(p; — p) (124)

~ psinha;(p; — pic1)’ psinho;(p; — pi—1)

satisfing the boundary condition,

ui(pi-1) = vi(pi) =0, wi(pi) = vi(pi-1) = 1. (125)

Combine the particular solution satisfying zero boundary condition (same principle in sec-

tion 3.2.1), the general solution in linearized sub-interval is given,

¢i(p) = giui(p) + im1vi(p) + (Pi—1 — Bi) (1 — ui(p) — vi(p)) (126)

The derivative form of the solution is,

¢i(p) = diui(p) + di—1vi(p) — (¢im1 — Bi) (us(p) + vi(p)), (127)

where . -
-t pmopma)
o(p) = _pimiicoshay(pi —p)  pimasinhai(pi — p) (129)

psinhai(p; — pi1)  p?sinhai(pi — pi1)’
Then, implement the inner and outer similarly.
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5.2 semi-infinite domain

Under similar idea, give the general solution of the special last interval and its corresponding

boundary conditions to solve unknown coefficients,

on(z) = Aeo‘NP + BeiaNp + on_1 — Bn. (130)
p p
On(pn-1) = dn-1, ¢n(00) =0. (131)

The special solution an its derivative for the last interval,
e—an(p—pN-1) aNn 1

dn(p) = ¢N—1pN7177 Pn(p) = ¢N71PN—1<_7 - F)efaN(ppr_l)- (132)

For the matching condition, inner iteration, the special case of the last interval turns to be,

On_1(rn-1) = Py(vn-1) (133)

= on1Uy 1 (2n-1) + On2Vy 1 (Tn-1) — (Onv—2 — Byv1)(uy_y(n-1) + vy (2N-1))
1

= (—ay — Jon-1. (134)
PN-1

Then last row of the matrix that applies the matching condition is,

— N2ty (Tn-1) + On-1(uy_y (Tn-1) + oy + ; ) = =Bn-1(uy_y (xn-1) + Vy_1 (Tn-1))-
N—-1
(135)
Also, for the first ¢ midpoint, the explicit formula is given,

by = —Ai(ui (1) + vi(21)) + pou (21) (136)

u’l(xl) + (6] + Pil

5.3 results

The Figure 7 shows the numerical solutions converge monotonically up to the eight-interval
solution. The graph contains a original plot of solutions and a magnification version of the plot

near the middle point of ¢.

The Table 4 contains the error analysis under the error tolerance equals le-10. Assume the
128-interval solution is a enough-accurate solution, we compute the max error by taking the
max of difference between current interval solution and 128-interval solution on x-mesh points.

The first two columns are the number of intervals and the max error based on solution of such
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Figure 7: 3D Numerical result: 8-Interval solution (left), its magnification around ¢ = 1 (right);

boundary condition: ¢(1) =2, ¢(c0) =0

N | Max Error | Max Error- N2
2 | 0.01809091 0.07236365
4 1 0.00458612 0.07337786
8 1 0.00110604 0.07078673
16 | 0.00027151 0.06950628
32 | 0.00006680 0.06840531
64 | 0.00001587 0.06500015

Table 4: Numerical results: errors analysis for 2 number of intervals, k = 1 : 6; boundary

condition : ¢(1) =2, ¢p(c0) =0

that number of intervals. The third and forth column indicates that the error is bound by
O(N~%) for the first several rows. Although the last several rows the error bound is invalid
since the 64-interval solution is too closer to 128-interval solution, it is reasonable to see the

quadratic convergence in 3D case.
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——1D solution
—2D solution
——3D solution

Figure 8: Comparison between 1D, 2D and 3D 64-interval numerically convergent solutions

with same boundary condition : ¢(1) =2, ¢(c0) =0

6 comparison of 1D, 2D, 3D cases

As we can see in the Figure 8, the solutions of 1D, 2D, and 3D nonlinear PBE under the same

boundary condition ¢(1) = 2, ¢(c0) = 0 have an order relation such that,

¢3p < ¢ap < d1p. (137)

It will be interesting to prove for the process.

7 Conclusion

In the report, we focus on solving the 1D, 2D, and 3D nonlinear PBE. Quasilinearization, a
numerical technique, is applied to the solve the nonlinear PBE which approximates the nonlinear
term by piecewise interpolated lines. The numerical result showing that the scheme converges
at the rate of O(N~2), where N is the number of the intervals in the approximation. We also
compared the solution of 1D, 2D, and 3D nonlinear PBE but leave the analysis for the next.
Currently, we are applying the quasilinearization technique to the 2D solvent/protein/solvent
model and do the corresponding analysis. We are also exploring to compare our numerical
method and Runge-Kutta shooting method on the test of charged surface modified PBE schema.

In the future, we will see how to extend the numerical method to get non-monotonical solution,
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especially figure out a robust way to figure out intervals and do the projection in outer iteration.
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