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Abstract. The mathematical modeling of biological processes is a powerful
tool for informing both areas of mathematics and biology. Specifically the
process of sleep deprivation has benefited from mathematical modeling, where
researchers are not sure of many of the biological basis for the data. In our
work, we successfully modeled the sleep/ wake system using the flip-flop switch
formalism. Our model added on an aspect of the SCN, as the source of communication between the circadian and the neuronal sleep/ wake populations.
Additionally, we took on the task of modeling sleep deprivation, both total
and chronic. By introducing a constant, we were able to easily model total
sleep deprivation so that it matched biological data. We found the process
of modeling chronic sleep deprivation to be challenging and were able to contribute to the overall study of the differences between total and chronic sleep
deprivation.

1. Introduction
The use of mathematical models for the sleep-wake process helps us better understand the biological process of sleep and the effects of deprivation. Many such
have models have been developed[2, 3, 1, 10, 11, 13, 15, 16, 18, 19, 20, 21, 22, 23, 24,
25, 26, 28] and can be categorized by their mathematical formalisms – this paper
will focus on the firing rate and neurotransmitter approach. Additionally there will
be no distinction between non-REM and REM sleep.
Our approach lies on the biological knowledge of the brain and its control of
sleep. It has been well documented that the sleeping and waking cycle is regulated
by the circadian rhythm (24.2 hrs); in conjunction, as every human has experienced,
the longer one stays awake, the more one longs to sleep. These two ideas led to early
theories in mathematically modeling the sleep-wake cycle, called the two process
model[7]. Process C is the Circadian rhythm, the biological clock, which is promoted
in the brain by the suprachiasmatic nucleus (SCN) — process S, the homeostat,
increases the sleepiness while we are awake. Mathematically modeled, they look
like the following,
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Figure 1: This graph depicts the sleep-wake cycle in which
each stage is reached by surpassing the threshold, or intersection of Cw or Cs , named respectively for their stages[6].

Despite early success with the two process model, it fails in many respects because of the lack of biological foundation. For this reason, mathematical modeling
of the sleep-wake cycle has shifted towards modeling a ”flip-flop switch,” which
is grounded in a biological process. In the brain specific populations of neurons,
like the LC, are responsible for waking—while a different population, the VLPO, is
responsible for sleeping. These populations act as a flip-flop switch, where the firing of the wake promoting populations immediately thrusts the body into a wakeful
state and the opposite is also true. This interaction can be displayed in the diagram
below,

Figure 2: In the diagram above, we use LC to represent
the wake promoting population, VLPO to represent the
sleep promoting population, C to represent the Circadian
rhythm, H to represent the homeostat and SCN to represent the suprachiasmatic nucleus. We can see that the
SCN promotes the LC, while we the interaction between
the SCN and VLPO was unknown. Additionally, the diagram shows that the VLPO takes input directly from the
homeostat. [6].

We can model this interaction mathematically by using differential equations,
specifically modified Lotka−Volterra equations. These equations come from the
Booth-Behn model while the Kronauer model provides a simply modeled Circadian
rhythm[5, 14, 27].
With the power of these previous models, we attempted to model the sleep-wake
cycle so that it would replicate biological data. Additionally, we experimented with
ways of modeling chronic and total sleep deprivation.
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2. Model equations
The equations used to model the sleep wake cycle were based off of the Booth
and Behn model[5].

(2.1)

(2.2)

(2.3)
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SSCN =

SLC =

V LP Oinput −βV LP O
))
αV LP O
2

c−β
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(2.4)

f LC 0 =

(2.5)

f V LP O0 =

(2.6)

f SCN 0 =

SLC −fLC
τLC

SV LP O −fV LP O
τV LP O

SSCN −fSCN
τSCN

Equations 2.1−2.6 are used to model the V LP O, LC and SCN , where V LP Oinput
and LCinput take into account signals from the SCN . To model the sleep drive,
we used the equation below,

(2.7)

min −h)
max −h)
+ heaviside (θW −fLCτ)∗(h
H 0 = heaviside (fLC −θWτ)∗(h
hw
hs

Equation 2.7 was formulated from what we know the action of the sleep drive
to do and the simple fact that we want to sleep more after we have been awake
for longer. Here, τhw and τhs represent constants for the wake and sleep times,
respectively. We used the Forger model for the circadian, and the equations will
not be included here[14]. thetaW=1.5; tauhw=15.78; tauhs=3.37; hmax=323.88;
hmin=-0.05; In all of the equations listed, we had to keep in mind certain biological
data[?] in order to correctly model the sleep/ wake cycle. For example, our constants for the sleep drive were θW = 1.5, τhw = 15.78, τhs = 3.37, hmax = 323.88
and hmin = −0.05, to match recent biological results about the range of the sleep
drive.

3. Coupling the sleep-wake cycle
Uncoupled, the sleep/ wake cycle with the equations looks like the figure below,
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Figure 3: The graph above is of the uncoupled action of the sleep/ wake cycle. In this diagram, the
green curve represents the action of the circadian rhythm. The blue curve shows the LC population,
while the red curve shows the VLPO firing. The purple is the action of the SCN. On the x-axis, we
are measuring time, in hours, and on the y-axis we are measure the firing rates (Hz.).

The sleep drive occurs on a different scale, shown below,

Figure 4: Above we see the action of the sleep drive, which rises during hours of wake and
drops exponentially during sleep. The x-axis again shows time (hrs) while the y-axis
records the sleep waves.

To see if the light aspect of the circadian rhythm was activating during the
correct time, we graphed the action of the light constant against the circadian
rhythm. The uncoupled results are shown below,

MULTISCALE MODELING OF THE SLEEP/WAKE SYSTEMS

5

Figure 5: In the graph above, the light constant is shown in purple while the circadian rhythm action is shown
in green. The x-axis again measures time.

In all of these graphs we can see that the actions of the VLPO, LC and SCN do
not occur at the correct times. We would like our circadian rhythm (and thus, SCN)
to be at the highest peak when we are in the middle of our waking day. The fall of
our SCN should occur at roughly the same time as falling asleep. Additionally, with
these constants we see that the average period of sleeping and waking is 24.1711
hours, which is more hours than is physically feasible. The average sleeping period
is 11.8847 hours, much longer than the average human sleep, while the average
waking period is only 12.2778 hours.
To correct for these mistakes we looked into a few constants that were critical for
specifically the action between the LC and the VLPO: the interactions between the
SCN-LC, SCN-VLPO and LC-VLPO/ VLPO-LC. We had many questions when
first setting out to couple the entire network, for example, was the interaction
between the SCN and VLPO positive or negative? To get a sense of where our
parameter search should begin, we created a program to return the sleep/ wake
period when given a certain range of parameters. This program effectively told us
that the interaction between the SCN and VLPO should be negative, and eventually after rounds of experimentation we found that giving constants of 1.25, so an
increased coupling between the SCN and LC and −1.15 coupling value between the
SCN and VLPO gave us the coupled results in Figure 6. However, even with these
changes the coupling was not exact, we could not perfect getting a sleep period of
8 hours and having the SCN act when the LC was at its midpoint. To do this, we
had to look into more constant values.
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Figure 6: In the graph above, the light constant is shown in purple
while the circadian rhythm action is shown in green. The x-axis again
measures time.

Our next step was to look into the action of the LC and VLPO equations themselves. These equations rely on many constants but the ones that were of particular
interest to us were the βV LP O and αV LP O , two constants that change the threshold
of sleep onset.

(3.1)

βV LP O = k2 ∗ h + k1

Where k2 , k1 are constants and h is the input from the sleep drive. If we were
to graph βV LP O against h, we would get a linear relationship, shown below,

Figure 7: In the graph above, we wanted to see the relationship
between the βV LP O and h. h is on the y−axis while
βV LP O is on the x-axis.

Because of the biological data, we knew when we wanted the sleep and wake to
occur, so it was just a matter of a simple calculation to find that we should set
k1 to 0.23537 and k2 to −0.00827. The change in βV LP O can be described in the
graph below,
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Figure 8: This graph shows the change in the threshold of sleep and wake
, as modeled by the tanhx function.

While the αV LP O constant would change the following graph,

Figure 8: αV LP O changes the slope of the function.

Meaning increasing αV LP O increases the rate at which we get to sleep or wake,
but not the value at which the state changes. Keeping all of these constants in
mind, after many trial runs we decided on the constant value: αV LP O = 0.1.
Our results centered around an average period of 24.0087 hours, an average sleep
period of 8.1271 hours and an average sleep of 15.9747 hours.

4. Modeling total sleep deprivation
After correctly modeling the sleep/ wake cycle, we set upon the question of
sleep deprivation. First, we attempted to model total sleep deprivation, or one long
period of sleep restriction. There have been many biological studies that guided our
model showing the effects of total sleep restriction. We used a simple and effective
method of affecting sleep deprivation on our model,

(4.1)

V LP Oinput = −gN EV LP O ∗ cN ELC + gSCN V LP O ∗ cGSCN − S

Where S is a sleep deprivation constant that restricts the VLPO from activating,
thereby creating more waking hours. This equation was put into a loop in MATLAB so that we could control at what hour waking and sleeping would occur. We
experimented with this constant until we settled on the value of 2, although this
constant would have to be changed for shorter periods of sleep deprivation. Below
is the result of modeling total sleep deprivation.
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Figure 9: Above is a model of total sleep deprivation and its effects on the sleep/
wake cycle in recovery.

Figure 10: We see the sleep drive rise steeply during the hours of sleep deprivation, shown above.
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We could then calculate the amount of sleep the model ran each night: 5.1653
hours on the night of sleep deprivation and 6.4372 hours on the night of recovery.
After the third night, the model went back to sleeping 8 hours a night. We compared
these results, over a number of trials to clinical data on the hours of recovery after a
night of sleep deprivation. In a 1984 study [8], researchers found that the recovery
sleep of humans looked like the graph below, (our results are shown below the
study)

Figure 11: The x-axis on this graph represents the number of
hours of sleep restriction and the y-axis represents the number of hours of recovery sleep.

Figure 12: Our results from total sleep deprivation almost perfectly measured the clinical work in
this area. This can be seen by the comparison of figures 11 and 12, even the spikes in recovery sleep
happened at around the same times.

5. Modeling chronic sleep deprivation
After our success with total sleep deprivation, the next step was to look at chronic
sleep deprivation. What does sleeping 5 hours a night do to our sleep recovery?
Can we model the effects of chronic sleep deprivation on attention? These are ideas
that we are still thinking about.
We first attempted to model chronic sleep deprivation in the same manner as
chronic sleep deprivation. This result is shown below,
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Figure 13

Figure 14

Although we were able to model chronic sleep deprivation, Figures 13 and 14
highlight some of the difficulties we have had with it. We were not able to focus
the sleep deprivation for specific time period and had trouble getting the sleep
deprivation down to exactly 3 hours a night. This model works more easily with
total sleep deprivation since we can restrict sleep and then let the model recover by
itself.
Chronic sleep deprivation was a very interesting, and easily applicable topic.
For example, we can no longer use the sleep drive to predict sleep deprivation when
considering chronic sleep loss. The formalisms used in this project for chronic and
total sleep deprivation will hopefully be applied to the app Entrain, an iPhone
application that projects the amount of light one needs to adjust to a new area.
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6. Future experiments
Although we were not able to research in all of the directions we wanted to, this
project left us with a lot of ideas and new questions. For example, one of our main
questions at the end of the project was: could we accurately predict attentiveness
from chronic sleep deprivation? There are many studies that look at the lapses in a
PVT test attentiveness in sleep deprivation[4, 9, 12, 29, 30] and we were interested
in the conjunction of this test with our model formalism. From these results we
started thinking about the various ideas that they posed essentially answering the
question, how is chronic sleep deprivation different from total sleep deprivation?
There were two different ideas proposed: an adaptation to sleep deprivation and
the idea of calculating wakefulness rather than sleep deprivation.
In a study at University of Pennsylvania[30] measured PVT lapses, or psychomotor vigilance tests, against extended wakefulness. They compared this to total sleep
deprivation to find the graph below,

Figure 14: In this graph, the y-axis is PVT lapses[30].

Figure 15 [30]

Upon first glance, it looks like the Figure 14 is a more effective way of thinking
about chronic sleep deprivation. However, it is important to note that if we think
about extended wakefulness, this will not change the calculation of chronic sleep
deprivation, only how we think about total sleep deprivation. We need only to look
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at the two graphs above to know that this is true−only the points (black) that
represented total sleep deprivation were shifted.
Because of this, we were more inclined to believe that an adaptation to sleep
deprivation was a more likely player in chronic sleep deprivation. For example, the
experiment below best supports the idea,

Figure 16 [4]

We can see that there is a period of adaptation, one that is not present in Van
Dogen’s results [29, 30]. Perhaps it is an adaptation to chronic sleep deprivation,
which is why the sleep drive does not increase after repeated days of sleep deprivation.
The best clue we have as to how to model chronic sleep deprivation with our
model formalism comes from a recent study[17] that marks PVT lapses along with
the circadian rhythm, shown below,

Figure 17 [17]

These papers give us a good clue to as to how to model chronic sleep deprivation.
We believe there is a reason why chronic sleep deprivation is so difficult to model
using the same methods as total sleep deprivation. We could easily calculate what
we needed for total sleep deprivation to induce a specific number of hours lost and
regained. We needed only one variable, inhibiting sleep.
However, we saw that it was really hard to model chronic sleep deprivation using
the same process. Despite adding specific amounts of inhibition to the LC, we could
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not easily produce 3 HR of sleep every night for a week. If we consider the biological
basis for the flip-flop switch and the correctness of the overall model, I think this
points more to a completely different mechanism, at least in the model, for chronic
sleep deprivation. For example, inducing an equation that not only affects the LC
but also the VLPO.
There are other things that could be implemented using this model, for example studying morningness and eveningness (are you a morning or night person?).
Additionally, our model’s light variable could be implemented so that it was in
conjunction with wakefulness. Overall, we came a long way, but there is a lot of
exciting work left!
7. Acknowledgements
I would like to first thank my mentor, Dr. Victoria Booth, for her endless patience and knowledge about the subject. Additionally, thank you to the University
of Michigan mathematics REU for giving me this opportunity to pursue research in
an academic setting and gain experience in presenting and academic writing. This
project was funded by the NSF, grant number 1412119.
References
[1] Behn CGD, Booth V. A Fast-Slow Analysis of the Dynamics of REM Sleep. SIAM J Appl
Dyn Syst. 2012;11(1):212−242. doi:10.1137/110832823.
[2] Behn CGD, Booth V. Modeling the temporal architecture of rat sleep-wake behavior. In:
Proceedings of the Annual International Conference of the IEEE Engineering in Medicine and
Biology Society, EMBS. Vol ; 2011:4713−4716. doi:10.1109/IEMBS.2011.6091167.
[3] Behn CGD, Brown EN, Scammell TE, Kopell NJ. Mathematical model of network
dynamics governing mouse sleep-wake behavior. J Neurophysiol. 2007;97(6):3828−3840.
doi:10.1152/jn.01184.2006.
[4] Belenky G, Wesensten NJ, Thorne DR, Thomas ML, Sing HC, Redmond DP, Russo MB,
Balkin TJ. Patterns of performance degradation and restoration during sleep restriction and
subsequent recovery: a sleep dose-response study. J Sleep Res. 2003 Mar;12(1):1−12.
[5] Booth V, Diniz Behn CG. Physiologically-based modeling of sleep-wake regulatory networks.
Math Biosci. 2014;250(1):54-68. doi:10.1016/j.mbs.2014.01.012.
[6] Booth V. Two Process Sleep Model. http://twoprocessmodel.math.lsa.umich.edu.
[7] Borbly AA. A two process model of sleep regulation. Hum Neurobiol. 1982;1(3):195−204.
[8] Daan S, Beersma DG, Borbly AA. Timing of human sleep: recovery process gated by a circadian pacemaker. Am J Physiol. 1984 Feb; 246(2 Pt 2):R161−83.
[9] Dinges DF, Pack F, Williams K, Gillen KA, Powell JW, Ott GE, Aptowicz C, Pack AI.
Cumulative sleepiness, mood disturbance, and psychomotor vigilance performance decrements
during a week of sleep restricted to 4-5 hours per night. Sleep. 1997 Apr; 20(4):267−77.
[10] Diniz Behn CG, Kopell N, Brown EN, Mochizuki T, Scammell TE. Delayed orexin signaling
consolidates wakefulness and sleep: physiology and modeling. J Neurophysiol. 2008;99(6):3090−3103. doi:10.1152/jn.01243.2007.
[11] Diniz Behn CG, Ananthasubramaniam A, Booth V. Contrasting Existence and Robustness of
REM/Non-REM Cycling in Physiologically Based Models of REM Sleep Regulatory Networks.
SIAM J Appl Dyn Syst. 2013;12(1):279−314. doi:10.1137/120876939.
[12] Drake CL, Roehrs TA, Burduvall E, Bonahoom A, Rosekind M, Roth T. Effects of rapid
versus slow accumulation of eight hours of sleep loss. Psychophysiology. 2001 Nov; 38(6):97987.
[13] Fleshner M, Booth V, Forger DB, Diniz Behn CG. Circadian regulation of sleep-wake behaviour in nocturnal rats requires multiple signals from suprachiasmatic nucleus. Philos Trans
A Math Phys Eng Sci. 2011;369(1952):3855−3883. doi:10.1098/rsta.2011.0085.
[14] Forger DB, Jewett ME, Kronauer RE. A simpler model of the human circadian pacemaker.
J Biol Rhythms. 1999;14(6):532-537. doi:10.1177/074873099129000867.

14

ELENA MALLOY

[15] Fulcher BD, Phillips AJK, Robinson PA. Quantitative physiologically based modeling of subjective fatigue during sleep deprivation. J Theor Biol. 2010;264(2):407−419.
doi:10.1016/j.jtbi.2010.02.028.
[16] Gleit RD, Diniz Behn CG, Booth V. Modeling interindividual differences in spontaneous internal desynchrony patterns. J Biol Rhythms. 2013;28(5):339−355. doi:10.1016/B978−0−444−53702−7.00007−5.10.1177/0748730413504277.
[17] Killgore WD. Effects of sleep deprivation on cognition. Prog Brain Res. 2010;185:105−29.
doi:
[18] Kumar R, Bose A, Mallick BN. A mathematical model towards understanding the
mechanism of neuronal regulation of wake-NREMS-REMS states. PLoS One. 2012;7(8).
doi:10.1371/journal.pone.0042059.
[19] Nakao M, Karashima A, Katayama N. Mathematical models of regulatory mechanisms of
sleep-wake rhythms. Cell Mol Life Sci. 2007;64(10):1236−1243. doi:10.1007/s00018-007-6534z.
[20] Phillips AJK, Chen PY, Robinson PA. Probing the mechanisms of chronotype using quantitative modeling. J Biol Rhythms. 2010;25(3):217−227. doi:10.1177/0748730410369208.
[21] Phillips AJK, Robinson PA. A quantitative model of sleep-wake dynamics based on the
physiology of the brainstem ascending arousal system. J Biol Rhythms. 2007;22(2):167−179.
doi:10.1177/0748730406297512.
[22] Phillips AJK, Robinson PA. Sleep deprivation in a quantitative physiologically
based model of the ascending arousal system. J Theor Biol. 2008;255(4):413−423.
doi:10.1016/j.jtbi.2008.08.022.
[23] Phillips AJK, Czeisler CA, Klerman EB. Revisiting spontaneous internal desynchrony
using a quantitative model of sleep physiology. J Biol Rhythms. 2011;26(5):441−453.
doi:10.1177/0748730411414163.
[24] Postnova S, Layden A, Robinson PA, Phillips AJK, Abeysuriya RG. Exploring Sleepiness and
Entrainment on Permanent Shift Schedules in a Physiologically Based Model. J Biol Rhythms.
2012;27(1):91−102. doi:10.1177/0748730411419934.
[25] Puckeridge M, Fulcher BD, Phillips AJK, Robinson PA. Incorporation of caffeine
into a quantitative model of fatigue and sleep. J Theor Biol. 2011;273(1):44−54.
doi:10.1016/j.jtbi.2010.12.018.
[26] Robinson PA, Phillips AJK, Fulcher BD, Puckeridge M, Roberts JA. Quantitative modelling of sleep dynamics. Philos Trans A Math Phys Eng Sci. 2011;369(1952):3840−3854.
doi:10.1098/rsta.2011.0120.
[27] Rusterholz T, Drr R, Achermann P. Inter-individual differences in the dynamics of sleep
homeostasis. Sleep. 2010 Apr;33(4):491−8.
[28] Serkh K, Forger DB. Optimal Schedules of Light Exposure for Rapidly Correcting Circadian
Misalignment. PLoS Comput Biol. 2014;10(4). doi:10.1371/journal.pcbi.1003523.
[29] Tamakawa Y, Karashima A, Koyama Y, Katayama N, Nakao M. A quartet neural system
model orchestrating sleep and wakefulness mechanisms. J Neurophysiol. 2006;95(4):2055−2069.
doi:10.1152/jn.00575.2005.
[30] Van Dongen HP, Dinges DF. Sleep, circadian rhythms, and psychomotor vigilance. Clin
Sports Med. 2005 Apr;24(2):237−49, vii−viii.
[31] Van Dongen HP, Maislin G, Mullington JM, Dinges DF. The cumulative cost of additional
wakefulness: dose-response effects on neurobehavioral functions and sleep physiology from
chronic sleep restriction and total sleep deprivation. Sleep. 2003 Mar 15;26(2): 117−26.

