Painlevé equations and orthogonal polynomials

Walter Van Assche

KU Leuven, Belgium

Kapaev workshop, Ann Arbor MI, 28 August 2017

Walter Van Assche Painlevé equations and orthogonal polynomials



Painlevé equations (discrete and continuous) appear at various
places in the theory of orthogonal polynomials:

o Discrete Painlevé equations for the recurrence coefficients of
orthogonal polynomials

o Painlevé differential equations for the recurrence coefficients
(Toda flows)

Rational solutions of Painlevé equations

(7]

(~]

[Special function solutions of Painlevé equations]

(]

[Local asymptotics for orthogonal polynomials at critical
points]
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Orthogonal polynomials

[ onO0pmo ) b = s o) =+

o
Z Pn(Xk)Pm(Xk)Wk = (5m,n-
k=0

Three term recurrence relation

xpn(X) = ant1Pn+1(x) + bapn(x) + anpn—1(x), orthonormal
XPpn(x) = Ppi1(X) =+ bnPa(x) +a2Pn_1(x), monic polynomials

Orthogonal polynomials on the unit circle (OPUC)

1 27

o= [ en(2)em(2)v(0) dO = bmp, 2= e pn(z) = kpz"+- -
0

z®,(z) = Opya(2) + @n®r(2), or(z2) = 2"5,,(1/2).



discrete Painlevé |

Let us consider w(x) = e T on (=00, 00).
The symmetry w(—x) = w(x) implies b, = 0, hence
xpn(x) = ant+1Pn+1(x) + anpn—1(x).
The structure relation is
Pr(x) = Anpn-1(x) + Capn-3(x).

Compatibility between these two relations gives
2 (.2 2, .2 Y
4a;, an+1+an+an_1—§ =n

This is known as discrete Painlevé | (d-Pj).
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Already in old work of Laguerre (1885),

Also in work of Shohat (1939),

Independently found by Freud (1976),

Positive solution analyzed by Nevai (1983).
Asymptotic expansion by Maté-Nevai-Zaslavsky (1985)
Recognized as d-Pp by Fokas-Its-Kitaev (1991).
Relation with continuous Painlevé IV (Magnus, 1995)

e 6 6 66 o o o
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Asymptotic behavior of a2

Theorem (Freud)

—x“—I—tx2

The recurrence coefficients for the weight w(x) = e satisfy
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Special solution

Put x, = a2, then (for t = 0)
Xn(Xnt1 + Xn + Xn—1) = an, a=1/4 (1)

For orthogonal polynomials we want a solution with xo =0
(because a3 = 0) and x, > 0 for n > 1.

Theorem (Lew and Quarles, Nevai)

There is a unique solution of (1) for which xo = 0 and x, > 0 for
all n>1.
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Langmuir lattice or Kac-van Moerbeke equations

General orthogonal polynomials

/RP,,(X)Pm(x) du(x) =0, m # n.

Theorem

Let i be a symmetric positive measure on R for which all the
moments exist and let j; be the measure for which

dpe(x) = e du(x), where t € R is such that all the moments of
e exist. Then the recurrence coefficients of the orthogonal
polynomials for i+ satisfy the differential-difference equations

d 2 202 2
Ean = an(an—l—l - an—l)a n>1
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Painlevé |V

Put a% = X,, then

n = 4xy(Xp+1 + Xn + Xp—1 — t/2), (2)

Xn Xn(Xnt+1 — Xn—1) (3)

Eliminate x,4+1 and x,_1 using (2)—(3)

1\2 3 2 2

" (Xn) 3Xn 2 n t n
= — t — N —

e S R <2 )

This is Painlevé V.
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Orthogonal polynomials on the imaginary line

The weight e"+" behaves well on R, but it also tends to 0
along the imaginary axis /R.

Orthogonal polynomials (@), on the imaginary axis
+ioco e
] Qn(X)Qm(X)e dx =0, n 75 m,
xQn(x) = Qny1(x) — by Qn_1(x).
One has Q,(x;t) = (—i)"Ps(ix; —t). Hence b,(t) = —a2(—t).

The (bn)n is the unique negative solution of d-Py with by = 0.
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Orthogonal polynomials on the cross

We can combine R and /R and look for orthogonal polynomials
(Rn)n for which (n # m)
o0 4 2 Fioco 4 2
o / Ro(x)Rm(x)e X dxt B [ Ru(x)Rm(x)e 5% |dx| = 0,

—00 —ioo

with o, 5 > 0.
xRp(x) = Rpy1(x) — cpRn—1(x)

The (cn)n still satisfy d-Py, but with initial conditions

_ amy(t) — Bmy(—t)
amo(t) + Bmo(—t)’

C0=07

where
o0 4 2
m2k(t) — / X2ke—x +tx dx
—00
are in terms of parabolic cylinder functions.
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Orthogonal polynomials on the cross

The solution of d-Py behaves very different. (t =0, 5/a =1/2)
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Orthogonal polynomials on the cross

t
4xp <Xn+1 + Xp + Xn—1 — E) =n

The case « = B and t = 0 is special: the initial values are

X0 — X1 = 0.

0 is a singularity of d-P1 and gives xo = oo, hence R3 does not
exist. The singularity is confined to a finite number of terms.

Property

For t =0 and o = B one has that R4,_1 does not exist for n > 1.
Furthermore

Rin(x) = r(x*),  Rany1(x) = xs,(x*), Rani2(x) = x2sp(x*).
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discrete Painlevé |l

Let v(0) = et<°*? on the unit circle

Trigonometric moments: modified Bessel functions
1 2w

i in6 =1,
e B OL O]

v(—0) = v(0) implies that a,(t) are real valued.
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Structure relation

The monic orthogonal polynomials for v(6) = et<°s9 satisfy
' (z) = n®,_1(2) + Ba®,_2(2),
for a sequence (Bp)n. In fact, one has

2
_ t Kn—2

B, == .
T2 K2
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Compatibility

z®,(2) = Ppi1(2) + an®i(x)
' (z) = n®,_1(2) + B,®,_2(2)

Theorem (Periwal and Shevitz)

t cos 6

The Verblunsky coefficients for the weight v(f) = e satisfy

t (n+ 1)ap
—E(anﬂ +ap_1) = 1_—04,217
with initial values
I (t)
1 =-1 = —,

This is discrete Painlevé Il (d-Pyr)



Discrete Painlevé Il

Let x, = ap—1, then
anx,

2
1—xz

Xp+1 + Xp—1 =

We need a solution with xop = 1 and |x,| < 1 for n > 1.
Such a solution is unique.

Theorem

Suppose o > 0. Then there is a unique solution of (4) for which
xo =1 and —1 < x, < 1. The solution corresponds to
x1 = h(2a)/Ib(2/«) and is positive for every n > 0.
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Asymptotic behavior

This solution converges to zero (fast) x, — 0.

Property

The solution of d-Pir with xg =1 and 0 < x, <1 forn>1
satisfies

1 oy < 47l 1 ( e )n
— 5 X, S — ~ —= .
amnl a0 % a"@en)! V2

an
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The Ablowitz-Ladik lattice

The lattice equations corresponding to orthogonal polynomials on
the unit circle are Ablowitz-Ladik lattice equations (or Schur flow).

Theorem

Let v be a positive measure on the unit circle which is symmetric
(the Verblunsky coefficients are real). Let v; be the modified
measure dv:(0) = et<*? du(0), with t € R. The Verblunsky
coefficients (cn(t)), for the measure vy then satisfy

2a), = (1 — a?)(ans1 — an_1), n>0.
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Painlevé V and Il

d-Py1 gives
n —2na,
Q@ Ap1 = ————~
n+1 n—1 t(]. — a%)
and Ablowitz-Ladik gives
2al,
Qpt1 — Qp—1 = 1—a2
n
Eliminate apy1 and a1 to find
/ 2
"_ Qn N2 GQn 2 (n+1)° ay
ap=—7 _a%(an) — 5 —an(l-ap)+ T2 ica

If we put a, = if—i then y satisfies Painlevé V with v = 0.
The ratio w, = Oén/Oén_l satisfies Painlevé Ill [Hisakado, Tracy-Widom]
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Generalized Charlier polynomials

Discrete orthogonal polynomials

kgo Pn(k)Pm(k)W =0, n#m.

ch
bn'i'bn—l_n'i'ﬁg = ?a
n

(a2 —c)@2—c) = c(bn—n)(by—n+pB—1).

This corresponds to a limiting case of discrete Painlevé with
surface/symmetry D‘El) in Sakai's classification.
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Put ¢ = cget, then

Suppose i is a positive measure on the real line and

dus = e™ du(x), where t is such that all the moments of ji; exist.
Then the recurrence coefficients b,(t) and a3(t) of the orthogonal
polynomials for the measure ji: satisfy

d

Ea?, = a2(bp — ba_1), n>1,
d

Eb,, = a?,H—a?,, n>0.
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generalized Charlier polynomials

Put x, = a2 and y, = b, and x, = dx,/da, y = dy,/da, then
a(yn —n)(yn—n+p—1),

(xn — a)(Xn+1 — )

an
Yn+Yn—1_n+/8 =
Xn
and the Toda lattice equations are
ax, = Xo(Yn — Yn-1),
ay,’, =  Xp+1 — Xn.

Eliminate y,_1 and x,11, and put x, = ﬁ then y(a) satisfies

1/1 1 " (1=v)2 /n? _1)2 2
A (y/)2_y_+( 2.y) _y _ (/8 ) __y
2\2y y-1 a a 2 2y a

This is Painlevé V with 6 = 0.
This can be transformed to Painlevé Ill.
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generalized Meixner polynomials

Discrete orthogonal polynomials

(B)kk

Put a2 = na — (y — 1)up,, and bn=n+7—ﬂ+a—L;1vn, then

;P,,(k)Pm(k)(V)" =0 n#m

1 _
(un+ vn)(tnt1 +va) = fYTVH(v,, —a) (v,, — a:); _f) ,
u _
(un+ vn)(up + voe1) = —"an(u,, + a) (u,, + at B) .
un — ﬁ Y — 1

Initial values

a0, poo1@MO+1.6+1a)
T T8 M(.B.a)

This is asymmetric discrete Painlevé IV or d-P(Eél)/Agl)).
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generalized Meixner

If we put

a(ay’—(1+ﬂ—2’y)y2+(n+1—a+ﬁ—2’y)y—n>

(@) = 2(y —1)(y — 1)y ’
then
1 1 y' (y—1)? B, Cy Dy(y+1)
" N2
= _— —_— _—— —A _ _— _—
y <2y+y_1)(y) (A )+ 1
with
(B—1)? n? 1
= ——— = —— e — D:__
A 5 B > C=n—p3+2y, >

which is Painlevé V.
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Other examples

~Xe~t/X on [0, oo)

Chen and Its (2010): w(x) = x%e
Put b, =2n+a+ 1+ c,, a2 —n(n—i—a)—i—y,,—l—z 0CJ,and
ch=1/x,
nt—(2n+ «
Xp+ Xn-1 = ( )Yn
yn(yn_ t)
2n+a+1 1
Yntynpn = t————— -
Xn X2

d-P((2A1)® /DY)

/)2 / 2 3 1
C//_@ C+(2n+a+1)_121+c_g+g__
t t Cp

n —

which is Painlevé IIl.
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Other examples

Basor, Chen, Ehrhardt (2010): w(x) = (1 — x)®(1 + x)%e~*

th, = 2n+1+a+8—1t—2R,,

tro(rp +
t(t+Rp)a: = n(n+B)—(2n+a+pB)rm— %
n
2t(rpp1+1n) = A4R2—2R,2n+1+a+ B —t)—2at,
t2 t t
n(n+pB)—Q2n+a+B8)rn = rmnim+a) (Ran_1 + R + Rn—l)

and fory =1+ t/R,

3y—1 y' y 2y(y+1) (y—-12[a?y p?
m— 2 " (VY2 492(2n+1 Z_
y 2y(y—1)(y) ot (2n+ +a+ﬂ)t 1 0

which is Painlevé V.

2 2y
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Other examples

g-orthogonal polynomials:

XO(
w(x) = , x € (0,00
N O S TN 10.0)
gives rise to g-discrete Painlevé 111
o 1x o (Xn + q—a)2
nm = (gt 4 1)
af 2. 2
W(X): X ( P/X,Q)oo XG[0,00)

(—x% 4% oo(—0? /%% 4)o0”
gives rise to g-discrete Painlevé V

(20 + v/ /P)*(20v/ PG*~2)?
(qn+a/271\/—pzn_|_1)2 ’

w(x) = x*(¢*x% ¢*)oo,  x€{d",k=0,1,2,3,...,}

gives again g-discrete Painlevé V
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Other examples

Bi-orthogonal polynomials on the unit circle (Forrester and Witte,

2006)

1 0 — ;
w(z) = 2 P9 (142)2 (14 £2)2 Flr—om g

1_&.’ QG(W_QSa’;T)'
gives rise to

_ (a4 n)(fa+ 0+ 2p)
8n+18n = fn(fn — 2&]1)
-1 o)t
fotfon = 2wy +'LhL('u-l-(njLM+w)
gn—1 8 —t

discrete Painlevé V (Sakai's surface Dl(ll)).
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Other examples

Biane (2014) worked out a g-version

w(e') =

(2e”; q)o |
(be'?; q)oo |

and found discrete Painlevé equations corresponding to Agl)

2 (1-q)(atba™ ) 5ma +(1-q" ) (ab+q) ).

ray2(a=bq"*?)+ara(a=bq") = 7
T 'n+1

with

Bn = Z Frfk—1, rn = ®,(0).
k=1
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Other examples

Witte (2015) worked out the most general case (deformed
Askey-Wilson polynomials):
Pearson-type equation for the weight
2V (x)
D =—=
= Wi
where Dy is a divided difference operator on a special nonuniform
lattice obtained from a quadratic equation

Ay? + 2Bxy + Cx? + 2Dy + 2Ex + F = 0,

and M is an average operator for the forward and backward
moves on the lattice, and V, W are polynomials.

M, w(x),

6
W(z) £ AyV(z) = 22 [ (1 — a7 /22*),
j=1

gives the g-discrete Painlevé cases for E7(1) in Sakai's scheme.
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Rational solutions of Painlevé equations
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Rational solutions of Painlevé Il

Y'=2 +xy +a
has rational solutions if and only if « = n € Z.
The solutions are
Vo = i |og Qn—l(z)
" dz Qn(2)
where Q, are the Yablonskii-Vorobiev polynomials

p1 P pPs ot P2n-1
/ / / /
P1 P3 Ps 0 Papaa
Qn(z) = cpdet : : : n
(n.—l) (n.—l) (n.—l) (n.—l)
p1 P3 Ps  Pop—1

with polynomial pj given by

= 4
Z pr(2)A\ = exp(z\ — §A3).
k=0
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Rational solutions of Painlevé Il

The polynomials py are multiple orthogonal polynomials on the
3-star

2 2k
M= zeC:arg(z) = —1,
Ut 8(z) = 25

/ pr(2A(2 )z =0, 0<k<[D]-1,
r

/ po(2) AT )z =0, o<k (D)1
:
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Rational solutions of Painlevé Il

Bertola and Bothner (2015) gave another determinant
representation

po(z)  pa(z)  pe(z) - pa-a(2)
Q2 1(2) = d det pm(z)  ma(2)  pa(z) oo pa(2)
n—112) = dnde : : : :
Nn—.l(z) pin(z)  pnsa(z) - p2n—2(2)

with p1,(2) = pa(22/32)2727/3.
Advantage: this is a Hankel matrix, and hence allows to use the
moment problem and orthogonal polynomials

po(z)  pa(z)  pe(z) - pa(2)
J p(z)  pa(z)  ps(z) o pesa(2)
Pa(x) = Qz—”(z) det : : : :
L pn-1(2) pn(2) Mn+12(2) oo p2n—1(2)
1 X X ce x"
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Rational solutions of Painlevé Il

z is a zero of Q,—1 (and a pole of the rational solution) if and only
if the monic orthogonal polynomial P,(x) does not exist.

This allows to locate the zeros of Q,_1 by investigating the
Riemann-Hilbert problem for the orthogonal polynomials (Px)xen-

Theorem (Bertola-Bothner, Buckingham-Miller)

The zeros of Q,(n?*/3z) accumulate on a triangular shaped region
el

with corners x; = —3/v/2e3 ¥ (k = 0,1,2). The sides of the
region are given by
Srv-oTed =0,
iav/2a 3
where a = a(x) is a solution of the cubic equation
1+2xa® — 433 =0.

1+v1+2a° J4a° -1
R| —2log + V14 2a 5
a
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Rational solutions of Painlevé IlI

1\2 ! 2
1
P 0 S Tk B T
y z z y
Has rational solutions if and only if & + 3 = 4n or o — 8 = 4n for
neZ.
Fora=2n+2u—1and f=2n—2u—1
d Sp—1(z;p—1)

— 14—
Y + dz  Sp(z;p)

and fora = -2n+2u—1land f=-2n—2u+1

d Sn1(z; p)

p=1- L 2n& K
Y dz Sp(z; u—1)
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Rational solutions of Painlevé IlI

Sn(z; i) are Umemura polynomials

—n n—1 2n+1
I—ﬁ +g—z) ﬁ+1+1( z) - gnzl;( 2)
S (Z'/L)_C det L/;7L—2 (_Z) Lﬂ ( Z) Ll2Ln 3 ( z)
n ’ - +-n .
n—2 n 3 71
Uf;-i-z (—2) L#J;+3 (=z) - Lit (_Z)

with L%(x) the Laguerre polynomials.
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Rational solutions of Painlevé IlI

Wronskian formula:

Lf__ll(_z), Lg__j(—z)l o 22,7:( 2
Sn(z; ) = cpdet [ :(_z)] [L5 :(_z)] R [ ' :( z)]
(LM (=2)] D (LA (=)D (LA ()|

with LS (x) the Laguerre polynomials.
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Zeros of Umemura polynomial Sio(pt), 9 > > —9

20

15
[ ]
. . 10
[ ]
[ ]
[ ] . °
° . ° 5
° L] ° L]
° [ ] ° [ ]
° ° ° ° 0.
‘ ‘ s ‘ ‘
20 1, * e ", %0 10
° [ ] ° ° L]
° . . ° -5
° [ ]
[ ]
R -10
L]
_15,
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Rational solutions of Painlevé IV

2 3
yu:()’) +—y3+4zy2-|-2(z2—a)y+é
2y 2 y
Has rational solutions if and only if
a=m, B=-202n—m+1)>
1
a=m, ﬂ:—2(2n—m+§)2.
d H d H d H
R |0g m—l—l,n(z), el |Og m’n(Z) , — 27 4= |0g m7n+1(2)
dz Hm,n dz " Hmn+1(2) d ° Hmy1,n(2)
with Hp, , the generalized Hermite polynomials
_g i Qm+1,n(z) _g i Qm,n(z) _g i Qm,n+1(z)
3Z+ dz Iog Qm,n(z) ’ 3Z+ dz Iog Qm,n+1(z)7 3Z+ dz log Qm+1,n(z)

with Qm,» the generalized Okamoto polynomials
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Rational solutions of Painlevé IV

The generalized Hermite polynomials are

Hm(z) Hmi1(z) -+ Hmin-1(2)
Honal(2) = det | [1metE) Hmeale) e Hmal2)
Hm+n—1(z) Hm+n(z) ce Hm+2n—2(z)

and Hp,(z) are Hermite polynomials.
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Zeros of generalized Hermite polynomials

m=11,n=15
. .
.

39

o )4
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Zeros of generalized Hermite polynomials

Theorem (Buckingham)

The zeros of the generalized Hermite polynomial Hy, ,(m*/?z) for
the rational solution of Painlevé IV accumulate in a square shaped
region with corners given by four solutions of the equation

r*x®—24r2(rP+r+1)x*4+32r(2r34-3r* —3r—2)x*>—48(r’+r+1)*> = 0

(not real or imaginary), and sides given by the curves

R <(1 + r)rt/2x

> R—(1+r)log(2R—

4
1+ 10 ‘5)
+(r—1)log (1 + Q>+ (1 +r)Q°R +s) + log(5* - 402)> =0

where r = m/n > 1.
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Zeros of generalized Hermite polynomials

Theorem (continued)

Q = Q(x,r) is the unique solution of
31+ r)2Q* +8(1+ rr/?xQ3 +4(r -1+ x®) Q> -4 =0
for which Q(x, r) = —x + O(x™2) as x — o0,
S=(1+rQ%+2r/2@?

and
((1+ r)2Q* +2(1 4 r)QS +4)*/?
(1+rQ ’

R=—

Walter Van Assche Painlevé equations and orthogonal polynomials



Zeros of generalized Hermite polynomials
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Rational solutions of Painlevé IV

The Okamoto polynomials are
Qn(z) = Qnr1,0(2) = Wr(H3n-1, Han—a, ..., H2),
Rn(z) = Qn1(z) = Wr(H3pn—2, H3n—s5,..., H1)
The generalized Okamoto polynomials are

Q—m,—n(z):H)\(z)a
A=(m+2n,m+2n—-2,....m+2mmm—1m—1...,11),

Qn,m—l—l(z):H)\(z)a
A=(m+2n—1m+2n-3,....m+1,mmm—-1m—-1...,11).

Hi, Hyi+1 Hxv2 o Hygi

Hx,-1 Hx, Hyx41 -+ Hyqk—2

H)\(Z) = det H>\3—2 H)\3—1 H)\3—2 cee H)‘3+k_3
H)\k—k-i-l H>\k—k+2 H>\k—k+3 v H>\k
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Zeros of generalized Okamoto polynomials
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Rational solutions of Painlevé V

y// (2];/ _{_y%l)( /)2_)1_{_()/ ;21)2 (Oz + f)_‘_ﬂ_yg}/i‘:]l-;
Has rational solutions if
Q0 a=3(m=*1)? andﬂ:—";,with n>0, m+nodd a#0
when |m| < n;
Q@ a="7, 8=-3(m+1)2 withn>0, m+nodd, 5 # 0
when |m| < n;
Q a=3 8=-3(a+n)p?
Q@ a=(b+n)? B=- b2 and v = m, with m + n even;
Q@ a=3i(2m+1)% B=—-%(2n+1)2

and v = m, with m 4+ n even;
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Rational solutions of Painlevé V

In terms of Umemura polynomials

() Lhn(x) - Loy a(x)
Uo,n(x; 1) = Cp det ;_?(X) L;_}(X) L§,,_.3(X) , r=pu+n—1
() L) o L5(x)

er(_X) Lfn+1(_x) Lﬁm—1(_x)
Um,o(X;u)ZDmdet Lfn72‘(—x) Lfnfl.(_x) Lﬁmf‘?(_x) = peme1
bom(—) Lip(—x) o L)

with L%(x) the Laguerre polynomials.
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Rational solutions of Painlevé V

and generalized Umemura polynomials Up, n(x; 1)

Li(—X) L6(_X) L:m+2(_x) Lim+1(_x) L —m— n+2( X)
L3(—x) L3(—x) s LD (=X)L (=X)L n+4( x)
et Lam_;<—x) lpa(x) () () L ()
Cal) L) e L) Loy e ()
n m— 2(X) L;—m—l(X) L;—?’(X) L;—Z(X) Lgn—3(X)
L'_n_,},+2(x) Lm0 e L) L0 L{(x)

where r=py—m+n—1.
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(W=2k+1), 11 < k<9
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Rational solutions of Painlevé VI

Special function solution in terms of terminating hypergeometric
functions

These are determinants with Jacobi polynomials

Little research has been done on these rational solutions.

Walter Van Assche Painlevé equations and orthogonal polynomials



Special function solutions of Painlevé equations
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Special functions

Painlevé | —
Painlevé Il | Airy functions
Painlevé Il | Bessel functions

Painlevé IV | Parabolic cylinder functions
Painlevé V | confluent hypergeometric functions
Painlevé VI | hypergeometric functions

seed function: comes from a Riccati equation

Backlund transformations give all the special function solutions in
terms of the seed function.
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Connection with orthogonal polynomials

Hankel determinant with moments of a measure p

mo my my -0 Mp-1
ma moy m3 s mp
Ap=det| M m3  my - Mpp1 | my = /xk dp(x).

mp—1 mMp Mpy1 -0 M2p-2

dkmo

Xt
mg = [ w(x)e™ dx me = ——
[ wiger o -

and A, is a Wronskian

A, = det prETRl

Walter Van Assche Painlevé equations and orthogonal polynomials



Connection with orthogonal polynomials

Recurrence coefficients

*
2 _ Api1Ap_1 b — n+l Aj
n — Y n — Y
A% An—l—l An
where
mo m my o Mp_2 mp
m my m3 ot Mp—1 Mpya d
Ay =det| M m3  my .- Mn Mni2 | = —A,,.
. . dt
Mp—1 Mp Mpy1 -+ Mp—3 M2p_1
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] W(X) = e‘X4+tx2 my = 2_1/4\/Eet2/8 U(O, —t/\/ﬁ) Prv

o w(x) = e /3T my = 2riAi(t) Py
0 Wy = ﬁtk! on N mg = a‘(ﬂ‘l)/2l'(ﬂ)lg,1(2\/5) P
° W(X) = x%e Xe~5/X my ~ K_k_1(2\/E) P
o w(x)=x"1(1 - x)b-a"lext

mo = T(a)l (b — a)M(a, b, t) Py
o Wy = Eg))ki, on N mg = M(~, 3, a) Pv
o w(x) =xP"1(1 — x)7b71(1 — xt)~?

mg = T (b)I(b— c)2F1(a, b; c; t) Py
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