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Tiling model

Lozenge tilings of a hexagon can be viewed as stepped surfaces.
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measure on the set of tilings defined by
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Zab.0)’ where w(T) = H w ().
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Tiling model

Consider the probability
measure on the set of tilings defined by

P(T) = ZW(T) where w(T) = H w ().

(a,b,c)’

e If we set w(<) =1 we will obtain the uniform measure.
e Let j be the coordinate of ©. Set w(¢) =g/, 1> g > 0.

OJ(T) = Const(a, b7 C) . qfvolume'
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Tiling model

Affine transformation

2. -0 e

N=a S=c

T=b+c
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Tiling model

Affine transformation
- -l e

establishes a bijection between tilings and non-intersecting paths:

N=a S=c 1

T=b+c
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Gap probability

A 1

X

N=a Ls=c 1

—> t=4
T=b+c

Fix a section t. Let the coordinates of the nodes be
C(t) = (Xl, R 7X/\/).
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Gap probability

A 1

X

N=a 1S=c |
0 T

—> t=4
T=b+c

Fix a section t. Let the coordinates of the nodes be
C(t) = (Xl, ce ,XN).

The one-interval gap probability function DY is

DY = Prob[x; # 5,5+ 1,..., M] = Prob[max{x;} < s].
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Orthogonal polynomial ensembles

Let X be a discrete subset of R. Let w be a positive-valued function
on X with finite moments:

Z Ix|"w(x) <0, n=0,...

xeX
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Orthogonal polynomial ensembles

Let X be a discrete subset of R. Let w be a positive-valued function
on X with finite moments:

Z Ix|"w(x) <0, n=0,...

xeX

|
Fix card(X) > k > 0. The orthogonal polynomial ensemble on X is
a probability measure on the set of all k-subsets of X given by

k
P(xl,...,xk)zé H ,—sz Hw

1<i<j<k =1

where Z is the normalizing constant.
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g-Hahn

Theorem (Borodin, Gorin, Rains '2009)

N
Prob{C(t) = (x1,...,xn)} = const- H (q_x"—q_xf)2Hwt(x,-),

o<i<j<M i=1

where w;(x) is the weight function of the g-Hahn polynomial
ensemble up to a factor not depending on x.
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Let MeZop,0<a<qgland0< g <qgt

_x (@q,q7M; q)x
(q7 /B_lq_M; q)x

(Y1, ¥ii Dk = (y1: 9k -~ - (¥is @)k, and
Vigk = (1 —y) - (1—yg" ™).

, Where

Wiiann(X) = (aBq)
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Let MeZop,0<a<qgland0< g <qgt

_x (@q,q7M; q)x

Wiapn (X) = (@Bq) (@819 M q), where

(Y1, ¥ii Dk = (y1: 9k -~ - (¥is @)k, and
Vigk = (1 —y) - (1—yg" ™).

In our case, for example

S—-1<t<T-5+1 t<Sand T—t—-S>0
M=S+N-1 M=t+N-1
a=—-t—N a=-S—N
B=t—T—-N B=5S—-T-N
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Theorem [K. '16], g-Volume case
The gap probability DY for the g-Hahn ensemble can be computed

recursively
o _ (Do) (rsaw — qvaray) (rew — quaap)(ts-1 — gar)(ts-1 — gao)
s DN, uvaiax(qar — as3)(ga1 — as)(qa — as)(qaz — ap)
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Theorem [K. '16], g-Volume case

The gap probability DY for the g-Hahn ensemble can be computed
recursively

o _ (Do) (rsaw — qvaray) (rew — quaap)(ts-1 — gar)(ts-1 — gao)
s Ds{\l—l uvalag(qal — 83)((731 — a5)(qag — 34)(q32 — 36)

where the sequence (rs, ts) satisfies recursion

(rsts,1 + 1)(r5,1t5,1 + ].) =
ajan(ts—1 — a3)(ts—1 — a4)(ts—1 — as)(ts—1 — ap)
a3343536(qts—1 — a1)(qts—1 — a2) ’
(rsts + 1)(rsts—1 + 1) =
uv(ajan)?(rsaz + 1)(rsaq + 1)(rsas + 1)(rsag + 1)
(rsws — vajaz)(qrsws — uaiaz)
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Theorem [K. '16], g-Volume case

The gap probability DY for the g-Hahn ensemble can be computed
recursively

o _ (Do) (rsaw — qvaray) (rew — quaap)(ts-1 — gar)(ts-1 — gao)
s Ds{\l—l uvalag(qal — 33)((731 — 35)(qag — a4)(q32 — 36)

where the sequence (rs, ts) satisfies recursion

(rsts,1 + 1)(r5,1t5,1 + ].) =
a1ax(ts—1 — a3)(ts—1 — as)(ts—1 — as)(ts—1 — ap)
azasasae(qts—1 — a1)(qts—1 — a2) ’
(rsts + 1)(rsts—1 + 1) =
uv(ajan)?(rsaz + 1)(rsaq + 1)(rsas + 1)(rsag + 1)
(rsws — vajaz)(qrsws — uaiaz)

The parameters u, v, w, a1, ..., ag and the initial conditions are
explicitly computed in terms of o, 3, g, s.
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Gap probabilities

Limit shape

Main Result

[Cohn—Larsen—Propp '98], [Cohn—Kenyon—Propp '01],
[Kenyon—Okounkov '07].
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Tiling model

Gap probabilities

Limit shape

Main Result

[Cohn—Larsen—Propp '98], [Cohn—Kenyon—Propp '01],
[Kenyon—Okounkov '07].
Simulation by Leonid Petrov
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Edge fluctuations
Let all the sides linearly grow as M — oo and g — 1.
After the change of variables
x=caM+ Czul\//%
we present a graph of czM%(DN(x + 1) — Dn(x)), for g = 0.99:

M = 2000 M = 10000
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Discrete RH

Fix card(X) > k > 0, and set w(v) = [ 8 W(S/’) } .
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Discrete RH

Fix card(X) > k > 0, and set w(v) = [ 8 W(Ol/J) } .

For any s > k there exists unique analytic function
ms() : C\Ms — Mat(C, 2) with simple poles at points in 95 such
that

Res ms(¢)) = lim ms()w(v)), x € Ns;

=x P—x
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Discrete RH

0]

Fix card(X) > k > 0, and set w(v) = [
For any s > k there exists unique analytic function
ms() : C\Ms — Mat(C, 2) with simple poles at points in 95 such

that
Res ms(v)) = lim ms(¢)w(v)), x € Ng;

P=x P—x

—k
ms(q/))'[wo T/?k]:H_O(%) as 1) — o,

where 9t = {0,...,s — 1}.
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Introduce matrix Ag(z) = ms(q~12)Ag(2)m; 1 (2),

where Ag(z) = [

qw(x+1)
w(x)

0

0 .
thz=qg %
1 ] with z = q

Main Result
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Introduce matrix Ag(z) = ms(q~12)Ag(2)m; 1 (2),

quw(x+1) 0
where Ag(z) = w(x) with z = ¢7*.
0 1
In the g-Hahn case
WX +D)  (z—aq)-(z—q ™)
wﬁlahn(X) aﬁ(z - Q) ' (Z - /B_lq_M)

Main Result
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Main Result

e Claim 1: The gap probabilities DV can be computed in terms
ajp ah ].

of the matrix elements of As = [ s
91 2
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Main Result

e Claim 1: The gap probabilities DV can be computed in terms

aj, aj
of the matrix elements of A = | 711 712 |.
91 2

e Claim 2: For any s matrix element a3, has a unique zero.
Denote it by ts and a3,[ts]| by ps.
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Main Result

e Claim 1: The gap probabilities DV can be computed in terms

. aj; a;

of the matrix elements of As = [ 12 ] ;
d21 A

e Claim 2: For any s matrix element a3, has a unique zero.
Denote it by ts and a3,[ts]| by ps.

e Claim 3: Evolution (ts, ps) — (ts+1, ps+1) has the form of a
discrete Painlevé equation of type Agl).
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Alz) = [ an(z) an(z) ]7 A0) = [ ‘g ‘?V ]’
2

ani (Z) dno (Z)

deg(a11) <3, deg(an) <2, deg(ax) <2, deg(axn)<3
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Alz) = [ a11(z) a2(2) }, A0) = [ ‘g ‘?V ]7
2

ani (Z) dno (Z)

deg(ai1) <3, deg(an) <2, deg(ax) <2, deg(ax)<3
det(A(z)) = uv(z — a1)(z — a2)(z — a3)(z — as)(z — a5)(z — ae).

We also require that
det(A(z)) = uvz® + O(2°);

tr(A(z)) = (u+ v)2* + O(2?).
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When Aq(z) - As1(2)

S .S s s+1 _s+1 s+1
(317323---736aU5aV§aM@) - (31 ,dy ,...,dg 7Us+1aV§+1aW@+i)
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When Aq(z) = Ast1(2)

s .S 5 s+1 _s+1 s+1
(31732a---736aU57 Vs, Ws) - (31 ,dy ,...,dg 7Us+1aVs+1aWs+1)
. s+1 s s+1 s .
with a]™" = ga®,a]"" = qa°, wsy1 = qws;

astl =af fori=3,...,6;
Ust1 = Us, Vs+1 = Vs,

(ts, ps) — (ts11, Psi1) is given by qP(AS).
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