Department of Mathematics, University of Michigan
Analysis Qualifying Exam, September 2, 2019
Morning Session, 9.00 AM-12.00

Problem 1: Let D = {z : |2] < 1}, and let f : D — D be an analytic
function such that f(0) = f'(0) = --- = f™(0) = 0. Prove that the inequality
|f(2)] < |z holds for all =z € D. :

Problem 2: Define the function f on C by f(z) =sin (5}]—2)

(a) Show that f is holomorphic in the region {zeC : 0<|z|] < ).

(b) Determine (with Justification) if the point z = 0 is a removable singularity,
a pole or an essential singularity.

Problem 3: Let a;,as, .., o, be the zeros, repeated according to multiplicity, of
a polynomial

plz)=c+tczte®+  +e2", c#0, cn #0.
Show using contour integration that

and obtain a similar formula for

1
—2‘ .
k=1 Yk
Problem 4: Prove that the function
oo
n . sz
f(z) = E ;sm (n)

is well-defined and holomorphic in C \ {0}.

Problem 5: Let + : [0,27] — C be the curve v(t) = te', 0 < t < 27. Evaluate

the integral
/ dz
g 1 422

Hint: Note that v is not a closed curve.




Department of Mathematics, University of Michigan
Analysis Qualifying Exam, September 2, 2019
Afternoon Session, 2.00-5.00 PM

Problem 1: Let E be the set of all z € (0,1) such that there exists a sequence
of irreducible fractions {p, /g, }nen with Pns@n €N, q1 < gy < --- such that

1
.’.E‘“&I' < 3 ?’1‘~=1,2,...
Q'n Qn
Prove that the Lebesgue measure of E is zero.

Problem 2: Let f be a measurable function on (0,00), and for n = 1,2, .., let T
be defined by

fn(z) = flz)e™ [l—i—m—l—g—?—i—--‘-l-%ﬂ .

Suppose f € L%[(0, 00)]. Prove that Vimay g | Fio— fllz2j0,00) = 0

Problem 3: Let f: R x (0,1) — R be a measurable function such that for any
y€(0,1),

/f2(:c,y) de = 1.,
R

Prove there exists a sequence {Zn}nen, with lim, o z,, = +00, such that

1
lim [ 1@ 0)] dy = 0.

n—oo

Problem 4: Let (X, (2, ) be a measure space with u(X) =1, and let f € L?()
be a non-negative function satisfying [ x [ dp > 1. Prove that

(fxf dp — 1)2
S Pdu

Problem 5: A function f : (0, 1) — R is locally Lipschitz if for any z € (0,1)
there is an open interval I, with z € I, (0,1) and a constant C, such that
[f(W) = F)] < Coly — o) for y,y/ € L.
(a) Prove that a locally Lipschitz function f(+) is absolutely continuous on any
compact subinterval [a,b] C (0, 1).
(b) Give an example of a locally Lipschitz function f : (0,1) — R which
extends to a continuous function on the closed interval [0,1], but is not
absolutely continuous on [0, 1].

p{re X: f(z)>1}) >



