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Abstract

Event-related potentials (ERPs) are evoked brain potentials that are averaged across many trial repetitions with individual trials
aligned (i.e. time-locked) to a specific behavioral event, typically the onset of the stimulus (s-lock) or the onset of the behavioral
response (r-lock). These evoked potential averages may reflect brain activities during the stimulus encoding/analyzing stage
(stimulus component waveform, or ‘S-component’), during the response preparation/production stage (response component
waveform, or ‘R-component’), or a combination thereof. In the stimulus-locked average of the ensemble of the recorded
waveforms (i.e. in the s-locked ERP), the contribution of an Rcomponent will be convoluted, due to the trial-by-trial variance in
reaction time (RT); so will an S-component in the r-locked ERP. It is shown here that the knowledge of (1) the s-locked and
r-locked ERP waveforms constructed from the same ensemble of trials and (2) the RT distribution of this ensemble allows us to
determine whether the recorded potential results from a single S-component, a single R-component, or a single intermediate
(‘decisional’ or D-) component related to the transition of the two stochastically independent stages. If it can be assumed that the
evoked potential is the result of a linear summation of an S-component and an R-component, then there is a unique recovery into
these two components, such that the reconstructed waveform on an individual trial is a superposition of the two components with
their relative offset determined by the RT of that trial and the ensemble average is the experimentally obtained s-locked and
r-locked ERP waveforms. Two independent methods can be used to recover those components, one based on Fourier transform
techniques which was first proposed by Hansen (1983) in the context of ERP component isolation and the other based on a
recursive iteration approach through which the contamination of the R or S-component is successively removed from the s-locked
or r-locked ERP waveforms, respectively. The iterative procedure is analytically proven to converge to the Fourier-based solution,
demonstrating the equivalence of the two approaches. Finally, if the condition of a single intermediate D-component is satisfied,
then one can recover this component waveform along with the probability distributions of the relative durations of the two
underlying linear stages; however, there is always an equivalent pair of S- and R-component which also satisfy the same data set
(s-locked and r-locked ERP waveforms and the overall RT distribution). In this case, the S/R-component assumption and the
D-component assumption cannot be distinguished solely on the ground of the available data set. The technique developed here
outlines the assumptions and the boundary conditions upon which ensemble ERP waveforms are to be analyzed and interpreted
in terms of processing mechanisms related to stimulus, to response, or to the transition between the two. © 1998 Elsevier Science
B.V. All rights reserved.
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1. Introduction

Event-related potentials (ERPs) are small, phasic
brain potentials elicited in conjunction with sensory,

motor, or cognitive events and can be extracted from
the ongoing electroencephalogram (EEG) recordings
from scalp electrodes. An essential step to reduce the
variability and nonstationarity of evoked potential is
the signal averaging technique (Dawson, 1951) through
off-line computation of ERP averages across many
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repeated trials to reduce noise and to detect event-re-
lated components. The sequence of ERP peaks and
troughs are assumed to reflect an ordered sequence of
neural events associated with information processing
stages of the brain. The basic premise for the signal
averaging technique is the assumption that the wave-
form to be averaged is the sum of a signal waveform
which is stationary across trial repetitions with negli-
gible variance and a noise waveform which is a sta-
tionary random process and independent of the signal
waveform. Although various adaptive filters tech-
niques have been developed to deal with latency jitter
in single-trial waveform thereby providing better esti-
mates of various peak components (Woody, 1967;
McGillem and Aunon, 1977; Yu and McGillem, 1983;
McGillem et al., 1985; Yu et al., 1994a,b; Gupta et
al., 1996), the primary form of data analysis and pre-
sentation by psychophysiologists is still the ensemble
averaged ERP waveform. Often, the ERP averages
are calculated with individual trials (in an ensemble of
many repetitions) aligned to the stimulus-onset; in this
way, ERP components related to the processing of
stimulus, such as P300 (Squires et al., 1975; Hillyard
and Picton, 1987) and N400 (Kutas and Hillyard,
1980), can be demonstrated. However, ERP averages
have also been calculated with individual trials aligned
to the onset of behavioral response to reveal mental
processes involved in movement preparation and ini-
tiation, such as the LRP or lateralized readiness po-
tential (Coles, 1989) and ERN or error-related
negativity (Gehring et al., 1993; Falkenstein et al.,
1995). However, stimulus-locked ERP average may
contain, in addition to those events or components
that are more tightly coupled with the moment of
stimulus onset (collectively called ‘stimulus component
waveform’ or ‘S-component’), residual contaminations
from those events or components that are more
tightly coupled with the moment of response onset
(collectively called ‘response component waveform’ or
‘R-component’) and vice versa for the response-locked
ERP. These component waveforms have yet to be
properly separated in order for any peak or trough to
be accurately attributed to stimulus-related or re-
sponse-related events. Previously, Hansen (1983) out-
lined a general method for isolating EPR component
waveforms from recordings of linear sums of these
time-invariant but overlapping components based on
known distributions of trial-by-trial time-shift of each
component. Based on the Fourier transform tech-
nique, this inverse-filtering method will apply to any
case where the number of recording trials is greater
than the number of underlying components to be re-
covered (assuming all of their temporal distributions
are known and assuming no noise). Woldorff (1993)
deviced a technique that specifically deals with distor-

tion of ERP averages due to overlapping evoked po-
tential responses to rapidly and successively presented
stimuli. An iterative procedure is suggested for the
estimation and removal of the residual distortion in
ERP averages due to stimulus sequence with short
interstimulus intervals (ISI). In a slightly different
context which also deals with the problem of identify-
ing the stimulus/response contribution to neural activ-
ities, Seal and Commenges (1985) proposed (for their
analysis of single neuron data) to quantitatively com-
pare the temporal relationships between the time of
peak neuronal response (i.e. peak latency) and the
time of stimulus onset or movement initiation in or-
der to determine whether the neuronal response is
attributable to stimulus processing or response pro-
cessing. For each neuron, the distributions of peak
latency with reference to either the stimulus onset or
the movement onset can be obtained and a compari-
sion of the relative variances for the stimulus-locked
distribution and the response-locked distribution
across the ensemble of trials should suggest whether
the peak neuronal activities are more tightly coupled
to the stimulus or to the behavioral response. Of
course, this analysis cannot be directly applied to
ERP data simply because there are multiple peaks
and troughs that are not apparent in single-trial data
due to relatively poor signal-to-noise ratio.

In this report, the basis and assumptions of at-
tributing and decomposing ERP waveforms into un-
derlying component waveforms (that are related to
stimulus, response, or possibly an intermediate ‘deci-
sional’ stage) is formally investigated. First, con-
straints will be derived on the stimulus-locked ERP
average, the response-locked ERP average and the re-
action time distribution for these averages to be gen-
erated by (i.e. attributable to) a pure stimulus-coupled
waveform (S-component), a pure response-coupled
waveform (R-component), or by a waveform time-
locked to the transition between the stimulus and re-
sponse stages (decisional or D-component). Secondly,
under the assumption of linear combination of an
S-component and an R-component (dual component
assumption), there is a unique recovery of those com-
ponent waveforms; both the Fourier transform tech-
nique and the recursive iteration procedure will lead
to the same solution. An example will be given to
illustrate the two decomposition approaches which are
analytically proven to be equivalent. Finally, it is
shown that in the case where the single D-component
assumption is satisfied, the D-component waveform
can be successfully recovered; however, there is always
an equivalent pair of S- and R-component waveforms
(under the dual component assumption) that could
give rise to the exact same set of data (i.e. ERP
averages and RT distribution). Therefore, the solution
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to the decomposition problem (given ERP averages
and RT distribution) may not be unique without speci-
fying the premises (assumptions) underlying ERP
decomposition.

The intent of this report is to define the assumptions
and boundary conditions for relating ERP averages to
the underlying brain processes (i.e. related to stimulus,
to response, or to the ‘decision’ that connects the two)
when knowledge of behavioral events are very limited—
only the times of stimulus onset and of the onset of
behavioral response are known on each trial. In most
ERP experiments, stimulus-locked and response-locked
average waveforms are obtained along with the reac-
tion-time distribution of the ensemble of trials. Given
these available waveforms and distribution, the question
to be addressed is what sort of conclusions regarding
stimulus and response processing (which are of interest
to psychologists) one can draw purely from a signal
processing perspective. The results of this paper, there-
fore, provide constraints for properly interpreting ERP
average waveforms arising from the signal averaging
technique so widely used in ERP research.

2. Mathematical analysis

2.1. Preliminary

Mathematically, the question that is addressed in this
report is as follows: Given the experimental data of (a)
the s-locked ERP average1 waveform Fs(t); (b) re-
sponse-locked ERP average waveform Fr(t) and (c) the
distribution rt(t) (in terms of percentage of trials) of
reaction times t across the ensemble of trials, how could
one infer whether the evoked potential waveform results
from a single stimulus-locked component waveform
(S-component), from a single response-locked compo-
nent waveform (R-component), from both, or other-
wise?

It is helpful to first clarify the meaning of each of
these available data. The ERP average waveforms are
averaged across many trial repetitions that are behav-
iorally indistinguished except for their reaction times,
which vary from trial to trial. The single-trial evoked
potential waveform is a time series (a sequence of
numbers) representing voltage fluctuations against a
reference ground-level. Each trial is associated with two
marks on the time axis, an S-mark indicating the stimu-
lus onset and an R-mark indicating the response onset.
These are the only two behavioral marks or reference
points for the single-trial waveform (time-series). The

reaction time (RT) is simply a measure of the time lapse
between these two marks. Of course, the R-mark of
every trial in the ensemble can be arbitrarily shifted by
a fixed amount (e.g. toward the right or ‘postponed’ by
a certain amount, say 150 ms), thereby changing the
meaning of this mark to something like ‘150 ms after the
onset of behavioral response’. The S-mark may be
shifted arbitrarily as well. As a result, the time lapse in
between, which operationally defines the ‘reaction time’,
also changes. But those changes are nominal and only
have trivial consequence in the following formulation.

Single-trial waveforms from the same ensemble of
trials have been averaged in two distinct ways: once
where the S-marks of all individual trials are aligned to
produce the stimulus-locked ERP average Fs(t) and
once where the R-marks of all individual trials are
aligned to produce the response-locked ERP average
Fr(t). Here, we adopt the convention that the reference
zero on the time axis refers to either (a) the moment of
stimulus onset for the s-locked ERP waveform, that is,
Fs(0) is the amplitude of evoked potential at stimulus
onset time, orb) to the moment of response onset for the
r-locked ERP waveform, that is, Fr(0) is the amplitude
of evoked potential at response onset time. Everything
that occurs in-between the S-mark and the R-mark is
coded with t\0 for Fs(t) and tB0 for Fr(t).

Often, it is convenient to discuss ERP waveforms in
terms of their temporal frequency components. Let

F0 s(k)=
&

Fs(t) e− ikt dt, (1)

F0 r(k)=
&

Fr(t) e− ikt dt (2)

be the complex Fourier transforms of Fs(t) and Fr(t),
respectively, with k denoting the temporal frequency in
the Fourier domain and the integral taken from −�B
tB�. In this Fourier (or frequency) domain represen-
tation, F0 s(k) and F0 r(k) are both complex numbers that
compactly represent the cosine and the sine transforms
of Fs(t) and Fr(t), respectively. These complex-valued
components can be equivalently represented by the
amplitude and phase spectra conjointly, i.e.

F0 s(k)= �F0 s(k)� exp(iF{F0 s(k)}), (3)

F0 r(k)= �F0 r(k)� exp(iF{F0 r(k)}). (4)

A few words about the reaction time (RT) distribu-
tion. Commonly, RT distribution rt(t) describes the
probability density (proportion of trials) associated with
a particular RT value t as measured from a fixed
stimulus onset moment, denoted as t=0, to the moment
of behavioral response on individual trials. This is the
stimulus-referenced representation (with S-marks
aligned). Its Fourier domain representation is intro-
duced:

1 In this report, ‘average’ can refer to either within subject average
over repeated trials, or, in addition to average over trial repetitions,
across subject as well (the so-called grand-average). This difference in
interpretation does not affect the formal exposition.



J. Zhang / Journal of Neuroscience Methods 80 (1998) 49–6352

Fig. 1. Schematic representation of the contribution of a stimulus component waveform (S-component) to s-locked ERP average (left panel) and
r-locked ERP average (right panel). Each trace represents symbolically the S-component waveform of a single trial, with stimulus onset and
response onset represented by small vertical marks at its boundaries. In the left panel, the moment of stimulus onset in individual trials has been
aligned, whereas in the right panel, the moment of response onset for the same trials has been aligned. The duration of a trial, as indicated by
the length in-between the two vertical marks, is determined by the reaction time, which is given in the central panel. The height of a bar represents
the proportion of trials with that particular value of RT, while the overall RT distribution across the ensemble of trials given as the bar histogram
in the bottom row. In the responselocked representation (i.e. right panel) of this S- component, there is a leftward shift of the waveform in an
amount specified by the RT on the corresponding trial(s). The s-locked and r-locked ERP averages in the bottom row (denoted sERP and rERP)
are calculated by summing all individual waveforms above as weighted by the corresponding height of the RT-bar. As can be seen straightforward,
the sERP is identical to the S-component, while rERP is related to the S-component in a convoluted manner.

rt̃(k)=
&

rt(t) e− ikt dt. (5)

On the other hand, the RT of a trial can be equivalently
described in terms of how long ago the stimulus ap-
peared before a fixed response onset moment. This
response-referenced representation of the RT (with R-
marks aligned) is mirror-symmetric to the stimulus-ref-
erenced representation.

2.2. Pure S-component or pure R-component

The case of a pure S- or R-component waveform is
considered first. Suppose the recorded ERP is generated
(apart from any background white noise that is stochas-
tically independent from this signal generation process)
by a single underlying component that is time-locked to
stimulus (S-component), with its waveform given by
fs(t). This is to say that, on every single trial, the
evoked potential waveform is identical after the mo-
ment of stimulus onset has been aligned2. Thus, the
s-locked ERP waveform averaged across the ensemble
of trials is simply

Fs(t)= fs(t). (6)

However, the relationship between fs(t) and the r-
locked ERP average waveform is not that simple. When
the moment of response onset on each trial has been
aligned, its waveform will be shifted along the time axis
by an amount that depends on the RT of that trial.
Furthermore, the number of trials whose waveforms
are shifted by that exact amount is the number of trials
(as given by the RT-distribution data) that contain the
same RT value. The response-locked sum and, after
divided by the total number of trials, the averaged
waveforms (across the ensemble of trials) is related to
both fs(t) and rt(t). Formally, since the percentage of
trials with stimulus onset at t= −t (prior to the fixed
response onset moment) is rt(t), the waveform on those
trials, after a leftward shift in the amount of t along the
time axis to become fs(t+t), contributes toward Fr(t)
by the amount

fs(t+t)rt(t),

Summing over all possible reaction times,

Fr(t)=
&

fs(t+t)rt(t) dt. (7)

Combining Eq. (6) with Eq. (7) yields

Fr(t)=
&

Fs(t+t)rt(t) dt. (8)

2 The variance in reaction time is assumed to affect neither the
time-course nor the peak amplitude of this waveform. If this cannot
be assumed, or there is random, trial-by-trial jitter between stimulus
onset and the evoked potential waveform, then the S-component
under discussion refers to the average waveform (averaged over its
dependency on RT latency or stimulus-onset jittering). The same
argument applies to the Rcomponent to be discussed.
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Fig. 2. Schematic representation of the contribution of a response component waveform (R-component) to s-locked ERP average (left panel) and
r-locked ERP average (right panel). Each trace represents symbolically the R-component waveform of a single trial, with stimulus onset and
response onset represented by small vertical marks at its boundaries. In the left panel, the moment of stimulus onset in individual trials has been
aligned, whereas in the right panel, the moment of response onset for the same trials has been aligned. The duration of a trial, as indicated by
the length in-between the two vertical marks, is determined by the reaction time, which is given in the central panel. The height of a bar represents
the proportion of trials with that particular value of RT, with the overall RT distribution across the ensemble of trials given as the bar histogram
in the bottom row. In the stimulus-locked representation (i.e. left panel) of this R- component, there is a rightward shift of the waveform in an
amount specified by the RT on the corresponding trial(s). The s-locked and r-locked ERP averages in the bottom row (denoted sERP and rERP)
are calculated by summing all individual waveforms above as weighted by the corresponding height of the RT-bar. As can be seen straightforward,
rERP is identical to the R-component straightforwardly, while sERP is related to the R-component in a convoluted manner.

This equation determines a relationship among Fs(t),
Fr(t) and rt(t) that must be obeyed if the recorded
ERP is generated by a single, S-component waveform
(Fig. 1).

An analogous relationship can be derived if the
recorded ERP is generated by a single, R-component
waveform. In this case, the r-locked ERP average Fr(t)
is simply the R-component waveform denoted by fr(t):

Fr(t)= fr(t). (9)

The contribution of fr(t) to the s-locked ERP waveform
Fs(t) has to take into account the distribution of RTs
across the ensemble of trials. Since the percentage of
trials with response onset at t=t (following the fixed
stimulus onset moment) is rt(t), the waveform on those
trials, when the time axis has been aligned with respect
to the moment of stimulus onset, is shifted rightward
by an amount t to become fr(t−t). These trials con-
tribute to Fs(t) by the amount

fr(t−t)rt(t).

When all trials are considered,

Fs(t)=
&

fr(t−t)rt(t) dt. (10)

Combining Eqs. (9) and (10) gives the constraint on
Fs(t), Fr(t) and rt(t) that must be satisfied if the
recorded ERP contains a single, R-component wave-
form (Fig. 2):

Fs(t)=
&

Fr(t−t)rt(t) dt. (11)

Though Eqs. (8) and (11) are cast in integral form,
they nevertheless involve simple convolution opera-
tion3:

Fr(t)=Fs(t)�rt(− t),

Fs(t)=Fr(t)�rt(t).

Convolutions are easily handled if the mathematical
representation is switched to the frequency domain.
Since the Fourier transform of a convolution of two
functions equals the product of Fourier transforms of
these two functions,

F0 r(k)=F0 s(k) · rt̃(−k) for a pure S−component,
(12)

3 The convolution operator * between two functions p(t) and q(t)
is defined by

p(t)�q(t)=
&

p(t−t)q(t) dt=
&

p(t)q(t−t) dt=q(t)�p(t)

so that

p(t)�q(− t)=
&

p(t−t)q(−t) dt=
&

p(t+t)q(t) dt

p(− t)�q(t)=
&

q(t−t)p(−t) dt=
&

p(t)q(t+t) dt
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Fig. 3. Schematic representation of the contribution of an S-component waveform and an R-component waveform to s-locked and r-locked ERP
averages. The dotted trace represents symbolically the S- and R- component waveforms, and the solid trace the overall waveform on a single trial.
Individual trials are aligned with respect to stimulus onset (left panel) or to response onset (right panel). The numbers are arbitrary chosen and
symbolically represent a time series, with stimulus onset as bin 0 in the stimulus-locked representation, and response onset as bin 70 in the
response-locked representation. The relative offset in time between the S-component and the R-component is determined by the RT on
corresponding trials (not shown). The s-locked and r-locked average waveforms in the bottom row are weighted sums of all individual waveforms.
The two individual components (dotted waveforms) can be recovered from the s-locked ERP average (sERP), r-locked ERP average (rERP), and
RT distribution using either a Fourier-based procedure or an iterative procedure (explained in the text).

F0 s(k)=F0 r(k) · rt̃(k) for a pure R−component. (13)

2.3. An S-component with an R-component

Next to be considered is the case where the evoked
potential waveform is contributed to by two underlying
components simultaneously, an S-component fs(t) that
is always timelocked to the onset of stimulus and an
R-component fr(t) that is always time-locked to the
onset of behavioral response. They are assumed to
linearly sum (without interaction) to give rise to the
overall evoked potential waveform. The complication
here is, of course, that their relative offset in time varies
across individual trials in an amount given by the RT
distribution rt(t) (Fig. 3).

Because of the linearity assumption, the contribution
of fs(t) and fr(t) can be considered separately. When the
s-locked average waveform Fs(t) is concerned, the
contribution from fs(t) is straightforward and identical
to Eq. (6), whereas the contribution from fr(t) is convo-
luted and has the form of Eq. (10). The overall equa-
tion is

Fs(t)= fs(t)+
&

fr(t−t)rt(t) dt. (14)

For the r-locked average waveform Fr(t), the contribu-
tion from fs(t) is convoluted and takes the form of Eq.

(7), whereas the contribution from fr(t) is straightfor-
ward and identical to Eq. (9):

Fr(t)= fr(t)+
&

fs(t+t)rt(t) dt. (15)

Both can be cast in the convolution notation

Fs(t)= fs(t)+ fr(t)�rt(t), (16)

Fr(t)= fr(t)+ fs(t)�rt(− t). (17)

Through working in the Fourier representation as de-
tailed in the Appendix, a unique, closed-form solution
can be found4

fs(t)=
1

2p

& F0 s(k)−F0 r(k) · rt̃(k)
1− �rt̃(k)�2 eikt dk, (18)

fr(t)=
1

2p

& F0 r(k)−F0 s(k) · rt̃(−k)
1− �rt̃(k)�2 eikt dk. (19)

When Eq. (12) or Eq. (13) is satisfied, fr(t) or fs(t)
respectively becomes zero. This reduction to the single
component case demonstrates the internal consistency
of the above derivations.

4 This solution, which is independently derived here, was first
developed in Hansen (1983), but there is an error in his final form.
Unfortunately, Hansen’s result has almost been ignored, as evidenced
by the few citations generated since its publication.
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An alternative approach to solve the coupled inter-
gral Eqs. (16) and (17) is through the use of iteration
method. Rearranging the terms

fs(t)=Fs(t)− fr(t)�rt(t),

fr(t)=Fr(t)− fs(t)�rt(− t)

and mutually substituting,

fs(t)=Fs(t)−Fr(t)�rt(t)+ ( fs(t)�rt(− t))�rt(t),

fr(t)=Fr(t)−Fs(t)�rt(− t)+ ( fr(t)�rt(t))�rt(− t).

Due to the associative nature of convolution operation,
the above equations can be simplified as

fs(t)=Cs(t)+ fs(t)�A(t), (20)

fr(t)=Cr(t)+ fr(t)�A(t), (21)

where

A(t)=rt(t)�rt(− t)=
&

rt(t+t)rt(t) dt

=
&

rt(t)rt(t−t) dt=rt(− t)�rt(t) (22)

is the auto-correlation of the RT distribution and the
auxiliary functions Cs(t) and Cr(t) stand for

Cs(t)=Fs(t)−Fr(t)�rt(t), (23)

Cr(t)=Fr(t)−Fs(t)�rt(− t). (24)

The linear, integral Eqs. (20) and (21) are now uncou-
pled for the two unknown functions fs(t) and fr(t).
According to a well-known theorem in integral equa-
tion (Fredholm Theorem), each has a unique solution.
One can employ an iterative procedure (the so-called
Neumann series) to find such solution. Choose

f (0)
s (t)=Cs(t), (25)

f (0)
r (t)=Cr(t), (26)

and proceed to iteratively obtain (n=1, 2, …)

f s
(n+1)(t)=Cs(t)+ f s

(n)(t)�A(t), (27)

fr
(n+1)(t)=Cr(t)+ fr

(n)(t)�A(t), (28)

until the difference between f (n+1)(t) and f (n)(t) (for
both subscripts) is close to zero (under some prespe-
cified criterion). Taking the limit of n�� on both
sides of Eqs. (27) and (28) leads to Eqs. (20) and (21).
Therefore the series {f(n)(t), n=0, 1,2, …}(with sub-
script s or r) will eventually converge to the solution of
Eqs. (18) and (19). Motivated by this guarantee of
convergence, a slight variation of the interation proce-
dure can be adopted, which is directly based on equa-
tions Eqs. (16) and (17):

f s
(n+1)(t)=Fs(t)− f r

(n)(t)�rt(t),

f r
(n+1)(t)=Fr(t)− f s

(n)(t)�rt(− t),

with

f (0)
s (t)=Fs(t),

f (0)
r (t)=Fr(t).

This recursive, cross-iteration gradually removes the
contamination of the R- (S-) component from the
s-locked and r-locked ERP waveforms and eventually
gives rise to the desired solution.

To summarize, it has been shown that if the single-
trial evoked potential waveform consists of two inde-
pendent and linearly additive components, one
time-locked to the stimulus onset (S-component) and
one time-locked to the response onset (R-component),
then, there is a unique recovery of these two compo-
nents given the s-locked and r-locked ERP averages
Fs(t) and Fr(t) and the reaction time distribution rt(t).
One may proceed with the recovery either through
working in the Fourier domain via Eqs. (18) and (19),
or through a recursive procedure via Eqs. (25)–(28).

2.4. A single component locked to S–R transition

In the above, the component waveforms underlying
ERP are assumed either to be timelocked to the stimu-
lus onset, or to the response onset. There is yet the
possibility that the ERP waveform is contributed to by
a third kind of neural process that is neither time-
locked to stimulus onset nor to response onset. Rather,
the component waveform is time-locked, on a trial-to-
trial basis, to the moment of transition between two
successive (e.g. stimulus encoding and response prepa-
ration) stages. The actual moment of stage transition
on individual trials, which depends on the actual dura-
tions of each stage, is unknown but assumed to be
random and stochastically independent. The compo-
nent timelocked to the stage transition (tentatively
called ‘decisional’ or D-component) gives rise to dis-
tinct s-locked and r-locked ERP waveforms due to
trial-by-trial variations in the moment of transition.

For purpose of derivation, the ‘reaction time’ distri-
butions for these two linearly additive, stochastically
independent stages are denoted as rt1(t) and rt2(t) (i.e.
they are probability distributions of the durations sub-
sumed for each stage). According to linear stage model
(Sternberg, 1969), the distribution of overall RT rt(t) is
given by

rt(t)=rt1(t)�rt2(t)=
&

rt1(t)rt2(t−t) dt, (29)

(this can be easily understood if we consider RT distri-
butions as probability density functions and that Pro-
b(RT= t) for a trial with two stages equals the product
of Prob(RT=t) for stage I and Prob(RT= t−t) for
stage II, summed over all possible values of t). In
Fourier domain, this is
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rt̃(k)=rt̃1(k) · rt̃2(k). (30)

Of course, the exact forms of rt1(t), rt2(t), or their
Fourier counterparts rt̃1(k), rt̃2(k), remain unknown.

Now imagine that there is a mark on the time axis
for each trial indicating the moment of transition be-
tween stage I and stage II and that all trials are aligned
with respect to these imaginary marks of stage transi-
tion (called ‘transitional marks’ for short). The decision
component fd(t) is assumed to be time-locked to this
transitional mark at every single trial. For stage I, the
distribution of time lapses between stimulus onset and
the transitional mark across the ensemble of trials is
simply rt1(t). Being time-locked to the end of stage I
(the moment of transition from stage I to stage II), the
D-component appears as if it is an R-component with
respect to stage I where the RT distribution is rt1(t).
Therefore, according to Eq. (10), it is related to Fs(t),
the average ERP time-locked to the beginning of stage
I, via

Fs(t)=
&

fd(t−t)rt1(t) dt. (31)

By similar arguments, the D-component, being time-
locked to the beginning of stage II (the moment of
transition to stage II from stage b, appears as if it is an
S-component with respect to stage II where the RT
distribution is rt2(t). According to Eq. (7), it is related
to Fr(t), the average ERP time-locked to the end of
stage II, via

Fr(t)=
&

fd(t+t)rt2(t) dt. (32)

The above two equations may be cast in convolution
terms

Fs(t)= fd(t)�rt1(t),

Fr(t)= fd(t)�rt2(− t),

or in Fourier domain

F0 s(k)= f0 d(k) · rt̃1(k), (33)

F0 r(k)= f0 d(k) · rt̃2(−k). (34)

Therefore, combining Eqs. (30), (33) and (34),

�f0 d(k)�2= f0 d(k) · f0 d(−k)=
F0 s(k) ·F0 r(−k)

rt̃1(k) · rt̃2(k)

=
F0 s((k) F0 r(−k)

rt̃(k)
. (35)

This is the equation that must be satisfied if the ERP
averages are generated by a single Dcomponent time-
locked to the transition of two sequential stages with
random, stochastically independent durations. Since the
left-hand side of Eq. (35) is the Fourier power spectrum
of the D-component (�f0 d(k)�2) and therefore is always
real, it implies that the imaginary part (to be denoted

Im) on the right-hand side must vanish. The single
D-component hypothesis therefore gives rise to a strong
restriction between the waveforms of Fs(t), Fr(t) and
rt(t):

Im
!F0 s(k)F0 r(−k)

rt̃(k)
"

=0. (36)

Denote the Fourier phase as F{ ·}, the above constraint
can be explicitly written

F{F0 s(k)}−F{F0 r(k)}−F{rt̃(k)}

=0 (mod 2p). (Phase Condition). (37)

When this ‘phase condition’ is satisfied, the D-compo-
nent can be recovered from Eq. (35) up to an arbitrary
phase spectrum. As for rt̃1(k) and rt̃2(k), the following
may be derived

�rt̃1(k)�2=rt̃1(k) · rt̃1(−k)=
F0 s(k)
F0 r(k)

rt̃(−k), (38)

�rt̃2(k)�2=rt̃2(k) · rt̃2(−k)=
F0 r(k)
F0 s(k)

rt̃(k). (39)

The phase condition Eq. (37) guarantees that the right-
hand sides of Eq. (38) and Eq. (39) are real

Im
!F0 s(k)rt̃(−k)

F0 r(k)
"

=Im
!F0 r(k)rt̃(k)

F0 s(k)
"

=0, (40)

so rt̃1(k) and rt̃2(k) can be recovered as well from Eq.
(38), Eq. (39), again up to a freedom in the phase
spectrum. When the pure S-component assumption Eq.
(12) is satisfied, �rt̃1(k)1 from Eq. (38), hence rt1(t)=
d(t−t1) with constant t1. Thus, the stage I in this
two-stage model has a fixed duration t1 and the recov-
ered D-component is time-locked to the beginning of
stage II with variable duration-the D-component is
indeed equivalent to a pure S-component. Similarly,
when the pure R-component assumption Eq. (13)is
satisfied, �rt̃2(k)1 from Eq. (39), hence rt2(t)=d(t−
t2) with constant t2. The recovered D-component is
time-locked to the ending of the variable-duration stage
I, thus indeed equivalent to a pure R-component. The
reduction to the cases of pure S- or R-component again
demonstrates the internal consistency of the current
framework.

2.5. Relationship between hypotheses

To summarize, four different hypotheses have been
proposed and dealt with regarding the underlying
source for generating single-trial evoked potential
waveform: (a) the pure S-component hypothesis (b) the
pure R-component hypothesis; (c) the pure D-compo-
nent hypothesis and (d) the S-plus-R-component (dual
component) hypothesis. Each of the single component
hypotheses (a–c above) generates a prediction of the
relationship between the s-locked and r-locked ERP
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averages and the RT distribution function. The corre-
sponding equations Eqs. (12), (13) and (37), specified
the strong constraint on the set of experimental data
that would be consistent for a certain hypothesis. It
should be noted that the constraint for the D-compo-
nent hypothesis is (relatively speaking) not as strong
as the constraint for either the S-component or the
R-component hypothesis: Eq. (37) associated with the
D-component hypothesis merely specified a relation-
ship between Fourier phase spectra between
F0 s(k), F0 r(k), � rt̃(k), whereas Eqs. (12) and (13)
specified a relationship between their Fourier power
spectrum in addition to the same phase relationship.
As a result, one might always start by testing whether
Eq. (37) holds and, if so, proceed to recover �rt̃1(k)�
and �rt̃2(k)� according to Eqs. (38) and (39). If, further-
more, the power spectrum of one of them turns out to
be flat (i.e. 1), then the S-component hypothesis or
the R-component hypothesis is upheld.

As far as the S-plus-R-component (dual component)
hypothesis is concerned, the method described above
allows a unique recovery of the two underlying com-
ponents given the data of s-locked ERP average, r-
locked ERP average and RT distribution. However,
the method itself does not provide a way of directly
verifying or falsifying this hypothesis itself. If it turns
out that one of the recovered component is zero, then
this hypothesis reduces to the single S- component or
single R-component hypothesis. Therefore, as before,
one might always start by assuming two (an S- and an
R-) components and proceed to recover them both.
The single S- or R-component hypothesis could be
evaluated under the context of recovered S/R-compo-
nent Fig. 4.

In cases where the phase condition Eq. (37) is sa-
tisfied, this method allows either unique recovery of
the S-component plus the R-component under the
dual-component hypothesis, or recovery of the D-com-
ponent along with the two RT distributions under the
two-stage D-component hypothesis. A natural ques-
tion is whether there is a way to compare and evaluate
(from within the framework itself) the relative validity
of these two hypotheses. The answer is negative, for it
can be shown (Appendix A) that for each set of fd(t),
rt1(t) and rt2(t) recovered under the D-component hy-
pothesis, there is an equivalent pair of fs(t) and fr(t)
under the dual-component hypothesis that can gener-
ate exactly the same data set (s-locked and r-locked
ERP averages and RT distribution):

f equiv
s (t)=

1
2p

& 1− �rt̃2(k)�2
1− �rt̃(k)�2 rt̃1(k)f0 d(k) eikt dk (41)

f equiv
r (t)=

1
2p

& 1− �rt̃1(k)�2
1− �rt̃(k)�2 rt̃2(−k)f0 d(k) eikt dk (42)

It is thus not possible to differentiate, without supply-
ing more criteria, the dual-component hypothesis and
the D-component hypothesis from within the frame-
work itself.

3. An illustrative example

For demonstration purpose, the above decomposi-
tion methods have been applied to sample data from a
study of error-related negativity (ERN) in choice-RT
paradigm (Gehring et al., 1993; Falkenstein et al.,
1995). The ERPs under analysis were from error trials
in a speed-accuracy trade-off paradigm which is briefly
summarized as follows (data previously published in
Gehring et al., 1993): A warning signal was presented 1
s before the onset of the stimulus array, which consists
of one of the following five-letter arrays: HHHHH,
SSSSS, HHSHH, SSHSS, each with 0.25 prior proba-
bility. Subjects were required to respond by squeezing
left or right hand according to the identity (H or S) of
the letter at the center of this five-letter array. Overt
response (and RT) was defined as a squeeze that ex-
ceeded 25% of maximum squeze force ( Gehring et al.,
1993 for more details of the experiment).

The analysis and the result from the decomposition
analysis is shown in Fig. 5. ERP data was taken from
one subject, with a total of 71 error trials under analy-
sis. The sampling frequency of the voltage waveform is
100 Hz (each dot represents a 10 ms bin). The stimulus-

Fig. 4. Flow diagram describing the procedures for recovering S-, R-,
or D-component waveforms and the relationship between different
hypotheses. From the experimental data set (s-locked ERP average,
r-locked ERP average, RT distribution), one can always recover the
S-component waveform and the R-component waveform under the
dual component hypothesis (left path). If the data satisfy the phase
condition (Eq. (37)), then one can also recover the D-component
waveform (along with the two RT distributions) under the two-stage,
D-component hypothesis (right path). Either hypothesis will reduce
to the single component (S- or R-) hypothesis under appropriate
conditions.
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Fig. 5. Recovery of S- and R-component waveforms, denoted as fs and fr respectively, from the s-locked and r-locked ERP averages, denoted as
sERP and rERP respectively, using the Fourier transform method. RT distributions are given both with reference to stimulus onset and with
reference to response onset. The solid line indicates the fixed reference mark (stimlus onset or response onset), whereas the dashed line indicates
the average RT with respect to it. The original data was from a published study of error-related negativity (ERN) in a choice-AT paradigm
(Gehring et al., 1993). Each dot represents 10 ms time-bin. Negative is upward. Data courtesy of Bill Gehring. (a) Electrode Cz ; (b) Electrode Pz.

locked and the response-locked ERP averages were
calculated by aligning trials with respect to stimulus- or
response-onset and summing over waveforms on individ-
ual trials bin-by-bin. Periodic boundary conditions were
invoked during the summation to ensure the applicability
of the Fourier method. The reaction-time distribution
rt(t) was simply constructed from these 71 trials whose
durations between stimulus-onset and response- onset
are available. The S-component waveform, fs(t) and the
R-component waveform, fr(t), are recovered using the
Fourier transform method Eqs. (18) and (19), using the
s-locked ERP average, r-locked ERP average and the RT
distribution5. As can be seen, the reconstructed S- and
T-component waveforms differ from the ERP averages

because of the cross-contamination of these pure wave-
forms in the computation of ERP averages.

A remarkable observation is that the reconstructed
R-component waveform turns out to be almost flat until
some 150 ms before the response onset. This, of course,
is not what the method would have required of the data;
there is no restrictions from the decomposition technique
that would lead to the flatness of this portion of the
waveform, which is sensible since the waveform associ-
ated with response processing necessarily lags behind
stimulus processing. This may, in turn, provide evidence
to support the dual component hypothesis underlying the
data of Gehring et al. (1993), i.e. the single-trial wave-
form is indeed contributed to by an S-component and an
R-component in linear additive fashion.

5 Since their recovery depends heavily on the form of RT distribu-
tion, an accurate estimate of rt(t) is crucial. In practice, so long as the
reaction times were distributed unimodally and with a central ten-
dency, the method wiH work pretty well. Also, to sensibly approxi-
mate the integral (convolution operation) by the summation over a
discrete time series, one needs to consider boundary effects, i.e.
distortions of the waveform due to truncation of the convolution

kernels. We dealt with this effectively by adopting a temporal window
(i.e. the upper and lower limits of the summation) large enough to
cover the entire region of our interest — the window extends to a
time-mark considerably before the stimulus-onset and after the re-
sponse-onset.
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Fig. 5. (Continued)

To compare the Fourier method with the iterative
procedure of reconstruction, the same ERP averages
are recovered using Eqs. (25)–(28). Fig. 6 shows the
steps of n=1, n=2, n=5, n=10, n=50 during itera-
tion, illustrating the gradual removal of the cross-con-
tamination of the S-component waveform to r-locked
ERP and R-component waveform to s-locked ERP.
The final, reconstructed S- and R-component wave-
forms are virtually indistinguishable from those recon-
structed using the Fourier method (given in Fig. 5).

The advantage of the iterative method is that the
logic behind it is very clear: Estimates of the S-compo-
nent and R-component waveforms are first generated
and their expected cross-contaminations are removed
from the ERP averages. This gives new estimates of
component waveforms and new expectation of their
cross-contaminations and so on. The estimates of com-
ponent waveforms gradually approach their actual
shapes.

4. Discussion

This report is concerned with the question of how to
properly interprete ERP data when the ERP average

waveforms are produced by summing experimental
data of individual trials time-aligned with respect to
stimulus-onset or response-onset. The results are sum-
marized as follows: Given the experimental data of (1)
the stimulus-locked (stimulus-aligned) average of
evoked potential waveform Fs(t); (2) response-locked
(response-aligned) average of the evoked potential
waveform Fr(t) and (3) the probability distribution
rt(t) of reaction times t across the ensemble of trials,
there is a unique recovery, based on either the Fourier
approach or the iterative approach, of the underlying
stimulus-coupled and response-coupled component
waveforms that will give rise to the exact same ensem-
ble-averaged waveforms of Fs(t), Fr(t) while satisfying
the RT distribution rt(t). The recovery procedure is
directly related and reducible to the conditions of a
single S- or R-component waveform. Conditions have
also been provided to determine whether the ERP is
generated by a single ‘decisional’ component time-
locked to the moment of transition between two succes-
sive, stochastically independent stages. Furthermore, it
is shown that if this condition is satisfied, any deci-
sional component is associated with a pair of equivalent
S- and R-components that can generate the same ERP
waveforms. Therefore, with only stimulus-locked and
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Fig. 6. Recovery of S- and R-component waveforms using the iterative procedure. The original s-locked or r-locked ERP average are shown as
the top trace (n=0). The waveforms during successive iterations are shown for n=1, n=2, n=5, n=10, n=50 steps. Data refer to electrode
Cz. (a) S-component waveform; (b) R-component waveform.

response-locked ERP averages, it is fruitless to extract
any ‘covert’ component(s) that mediate the transition
from stimulus to response. An illustrative example was
given to demonstrate the recovery procedure under the
dual (stimulus and response) component hypothesis.

It should be pointed out that the stimulus and re-
sponse component waveforms are recoverable only in
the sense that they will generate exactly the same
ensemble-averaged waveforms of Fs(t) and Fr(t) un-
der the same RT distribution rt(t). Specifically, if one
were to recontruct, on a trial-by-trial basis, the ensem-
ble of waveforms by linearly summing, in a pointwise
fashion (i.e. bin by bin along time axis), the recon-
structed component waveforms fs(t) and fr(t) such that
their relative offset in time is determined appropriately
by the RT of that single trial, then this ensemble of
single-trial waveforms will give rise to identical Fs(t)
and Fr(t). On individual trials, the reconstructed and
the original waveform need not match. This is due to
large background EEG variation (e.g. alpha activity) in
the singletrial waveform. In fact, this method may
provide a template for the signal component—fs(t) plus

fr(t)—of the single-trial waveform and thereby allow
proper study of the source of these intrinsic (back-
ground) variations.

In practical applications, the effectiveness of the
method relies on the proper behavior of RT distribu-
tion across the ensemble of trials. The less variance the
RT distribution is, the less effective the method be-
comes. Mathematically, when the RT variance is small
(i.e. all trials have nearly uniform reaction time), its
Fourier transform rt̃(k) approaches unity and the re-
covery error generated by applying Eqs. (18) and (19)
becomes large (the denominator approaches zero). This
limitation is intrinsic to this method, in the sense that
the extent to which Fs(t) and Fr(t) differ depends on
the relative spread of the RT distribution. If all trials
have uniform reaction times, then there is no difference
between the e-lock and the r-locked ERP averages.
Consequently, those underlying components whose dy-
namics are distinctly coupled with the stimulus onset or
with the response onset cannot be differentiated on the
basis of their temporal properties. Surprisingly or not,
this method is best applied to a RT distribution which
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Fig. 6. (Continued)

demonstrates a central tendency but with relatively
large spread (variance).

Despite of these limitations, the method provides a
self-contained framework for unconfounding func-
tional components (stimulus, response, or decisional
process) in ERP and defining the boundary conditions
under which conclusions about functional components
may be drawn. It provides the maximal information
one can extract from the ERP average data (and RT
distribution) allowed under signal averaging method-
ology. The dichotomous separation of an S-compo-
nent and an R-component in the overall ERP is
possible under the assumptions that each component
is strictly time-locked to stimulus or response onset
and its amplitude and time-course are independent of
the RT on an individual trial. When these assump-
tions are violated (e.g. small intrinsic jitter in time-
locking and small amplitude modulation across trials),
the recovered S- and R-components will be the
smoothed or averaged components (with respect to
the jitter and modulation), which are still well-defined.
Again, this is the best one can do with the kind of

ERP average data. When recordings from multiple
electrodes are examined in combination, these ERP
component waveforms will provide important infor-
mation to the sensorimotor nature of the underlying
generators. The application of this method can be
especially useful in conjunction with the conventional
analysis of the topography of scalp voltage distribu-
tions to localize current sources and sinks as in cur-
rent source density analysis (Nunez, 1981, 1989;
Mackay, 1983), or even the localization of equivalent
dipoles (Scherg, 1989; Scherg and Picton, 1991; Dale
and Sereno, 1993) related to stimulus and response
processing. With this method, the S-component and
the R-component waveforms at each electrode would
be reconstructed first so that each waveform is sepa-
rately subject to conventional source localization tech-
niques. Because sources for stimulus components and
response components are mostly likely to have differ-
ent anatomical loci and temporal dynamics that
should not be simply averaged, our method would
allow more accurate estimation about brain structures
and mechanisms generating event-related potentials.
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Nomenclature

t time variable in a time-series

Eqs. (1) and (2)

Eq. (1)Fs(t) stimulus-locked ERP average
waveform

Fr(t) response-locked ERP average Eq. (2)
waveform

Eq. (5)reaction-time distribution (with ref-rt(t)
erence to stimulus onset

Eq. (6)stimulus component waveform infs(t)
ERP

Eq. (9)response component waveform infr(t)
ERP

fd(t) Eqs.‘decisional’ component waveform
in ERP (31)

and
(32)

reaction-time distribution for stagert1(t) Eq.
(29)I in the two-stage model
Eq.reaction-time distribution for stagert2(t)

II in the two-stage model (29)
Eq.auto-correlation of reaction-timeA(t)
(22)distribution
Eq.auxilary waveform used in the iter-Cs(t)
(23)ative substraction method
Eq.auxilary waveform used in the iter-Cr(t)

ative substraction method (24)
Eqs.frequency component of a time-se-k

ries (Fourier representation) (1)
and
(2)

F0 s(k) complex-valued Fourier transform Eq. (1)
of Fs(t)
complex-valued Fourier transform Eq. (2)F0 r(k)
of Fr(t)

Eq. (5)complex-valued Fourier transformrt̃(k)
of rt(t)

Eq.complex-valued Fourier transformf0 s(k)
(43)of fs(t)

complex-valued Fourier transformf0 r(k) Eq.
(44)of fr(t)

complex-valued Fourier transform Eqs.f0 d(k)
(33)of fd(t)
and
(34)

complex-valued Fourier transform Eq.rt̃1(k)
(30)of rt1(t)
Eq.complex-valued Fourier transformrt̃2(k)
(30)of rt2(t)
Eqs.Fourier amplitude��
(3)
and
(4)

Fourier phase Eqs.F
(3)
and
(4)

convolution operator Fn. 3*
Eqs.imaginary partIm
(36)
and
(40)
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Appendix A

To solve Eqs. (16) and (17) by Fourier transform
techniques, simply define

f0 s(k)=
&

fs(t) e− ikt dt, (43)

f0 r(k)=
&

fr(t) e− ikt dt. (44)

Eqs. (43) and (44) become the following algebraic
equations

F0 s(k)= f0 s(k)+ f0 r(k) · rt(k),

F0 r(k)= f0 r(k)+ f0 s(k) · rt̃(−k),

whose solutions can be immediately obtained

f0 s(k)=
F0 s(k)−F0 r(k) · rt̃(k)

1−rt̃(k) · rt̃(−k)
(45)

f0 r(k)=
F0 r(k)−F0 s(k) · rt̃(−k)

1−rt̃(k) · rt̃(−k)
(46)

(the condition rt̃(k) · rt̃(−k)= �rt̃(k)�2B1 is guaran-
teed so long as the RT distribution is not a d func-
tion, i.e. with non-zero variance). Inverse Fourier
transform leads to the unique solution in Eq. (18) and
Eq. (19). The solution Eq. (45), Eq. (46) was first
derived in Hansen (1983) in the context of general
conditions for ERP component isolation (with a mi-
nor, typographic error).

If, in fact, the F0 s(k) and F0 r(k) are contributed to
by a single component f0 d(k) which is time-locked to
transition of two successive stages, from Eqs. (45) and
(46), the equivalent set of f0 s(k), f0 r(k) can be calculated
as follows
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f0 equi6
s (k)=

F0 s(k)−rt̃(k)F0 r(k)
1−rt̃(k)rt̃(−k)

=
rt̃1(k)f0 d(k)−rt̃1(k)rt̃2(k)rt̃2(−k)f0 d(k)

1−rt̃(k)rt̃(−k)

=
1− �rt̃2(k)�2
1− �rt̃(k)�2 rt̃1(k)f0 d(k)=

1− �rt̃2(k)�2
1− �rt̃(k)�2 F0 s(k)

f0 equi6
r (k)=

F0 r(k)−rt̃(−k)F0 s(k)
1−rt̃(k)rt̃(−k)

=
rt̃2(−k)f0 d(k)−rt̃1(−k)rt̃2(−k)rt̃1(k)f0 d(k)

1−rt̃(k)rt̃(−k)

=
1− �rt̃1(k)�2
1− �rt̃(k)�2 rt̃2(−k)f0 d(k)=

1− �rt̃1(k)�2
1− �rt̃(k)�2 F0 r(k)

Inverse Fourier transform leads to Eqs. (41) and (42),
the dual (S-plus-R) component equivalent to the solu-
tion under single (D-component) hypothesis.
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