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Abstract

The Fisher matrix formalism is a method of error forecasting and the method has been widely
used in cosmological data analysis because of its convenience and effectiveness. It is based on the
second-order expansion of the logarithm of the likelihood function in the parameter space, and
the estimated error contours are ellipsoids in the parameter space. With real-world data, the
error contours are usually have shapes more complicated than ellipsoids and hence the Fisher
matrix formalism under- or overestimates errors. This paper investigates a generalization of the
Fisher matrix formalism based on the third order expansion in the logarithm of the likelihood
function.

1 Introduction

With the improvement in the precision in cosmological observations, cosmologists stared to
work on improving the methodology in analyzing the data. Given some theoretical model, we want
to estimate the model parameters via the observational data. This can be done using relevant
equations given in the theoretical model. However, we would like to estimate the errors in the
inferred parameters. This question has been investigated by the statistician R. A. Fisher, who
developed the Fisher matrix formalism [1]. A brief and comprehensive review of the formalism can
be found in [2]. The advantage of the Fisher matrix formalism is that it can be used to forecast the
parameter errors and their covariances given the theoretical model without having the data itself.
The formalism is convenient to be applied in numerical computations, and therefore it is currently
widely used in cosmological parameter estimation. However, the Fisher matrix formalism has its
limitations in under- or overestimating the errors in certain situations. In this paper we will try to
investigate these misestimations.

2 Statistics Background

In Bayesian statistics, if we assume a null hypothesis Θ (including theoretical model and parameters)
and have observations (e.g. data) x, the Bayes Theorem says the conditional probabilities obey

p(Θ|x)p(x) = p(x|Θ)p(Θ) (1)
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where p(x) is the evidence based on the data and plays an important role in model selection [5]. p(Θ)
is the prior probability based on the experimenter’s knowledge (constant if no previous knowledge)
[5]. P (x|Θ) is called the likelihood and is usually denoted as L(x; Θ). p(Θ|x) is the posterior
probability for the parameters given the observations x.

In cosmology, we usually assume a fixed model and want to estimate the parameters θ (θ differs
from Θ by that Θ specifies both the theoretical model and the parameters in it, while θ are just the
parameters) and the errors in the estimation, therefore the evidence p(x) =

∫
θ
p(x|θ)p(θ)dθ, which

is independent of θ, is simply an unimportant factor [3, 4, 5]. θ̂, defined as the best estimation of the
parameters given the data, should occur when the posterior p(θ|x) is maximized. We often adopt
the principle of indifference, assuming a constant prior, p(θ) ' const [3, 4, 5]. Thus, we have

p(θ|x) ∝ L(x; θ) (2)

[3, 4, 5]. Therefore, at the the best estimation θ̂, we have ∂iL ≡ ∂L/∂θi = 0 for each single parameter

θi. We would also like to analyze the confidence level near θ̂.

The Fisher matrix formalism approximates the likelihood function in the parameter space by
a Gaussian near the likelihood-maximizing parameters θ̂; equivalently it approximates lnL to the
second order of δθ in Taylor series

lnL(θ̂ + δθ) ' lnL(θ̂) +
∂2
ij lnL(θ̂)

2!
δθiδθj (3)

⇔ L(θ̂ + δθ) ' L(θ̂) exp

(
∂2
ij lnL(θ̂)

2!
δθiδθj

)
(4)

(using the Einstein summation convention). Since the approximated likelihood function is Gaussian,
given a certain confidence level, the error contour in the parameter space will be an n-dimensional
ellipsoid (n being the number of parameters in θ), whose dimensions depend on the data x. In the
Fisher formalism, by assuming large data set, the dependence on particular data x converges to
the dependence on only the mean µ and the covariance matrix C, which can be calculated given
the model and parameters without having the particular data. This makes the formalism useful in
forecasting the expected error in an experiment or observation given its setup.

However, the actual likelihood function maybe far from a Gaussian. In such cases, if we do
the Monte-Carlo simulation, the shape of the error contour will appear different from an ellipse,
i.e., having “potato-like” or “banana-like” shapes. The Gaussian approximation will hence under-
or overestimate the errors on certain directions in the parameter space [4]. In this paper we will
explore some of the properties of the deformation from an ellipse to the actual shape of error contour
by extending Fisher matrix formalism to the third order in the Taylor expansion in the parameter
space.

3 The Third Order Approximation

Suppose we have a large data set x, due to the Central Limit Theorem, the likelihood function
will be Gaussian in the data space.

L ' 1√
2π detC

exp

(
− (xT − µT )C−1(x− µ)

2

)
(5)

where µ is the prior mean and the C is the prior covariance matrix. Suppose we have a theoretical
model Θ for the system, then µ and C are functions of the parameters θ via the equations given
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in the model Θ. The Gaussian in the data space should not be confused with Fisher’s Gaussian
approximation in the parameter space. The Gaussian in the data space is a natural result of large
data set and the Central Limit Theorem and requires no further assumption. The form of likelihood
function in the parameter space, L(θ), however, depend on how µ,C and θ are related, and hence
is not a Gaussian in general; the Fisher matrix formalism approximates it by a Gaussian.

For most reasonable theoretical models, the likelihood function is well-behaved in the parameter
space [3]. We can estimated the likelihood-maximizing parameters θ̂ by taking ∂iL(θ̂) = 0 (notice
that maximizing lnL is the same as maximizing L). It is more convenient to maximize lnL instead
of L because L in related in Gaussian form (equation 5) to µ and C which are functions of θ.

Expanding lnL in the parameter space near θ̂, where ∂iL(θ̂) = 0, we have

lnL(θ̂ + δθ) = lnL(θ̂) +
∂2
ij lnL(θ̂)

2!
δθiδθj +

∂3
ijk lnL(θ̂)

3!
δθiδθjδθk + ... (6)

(using the Einstein summation convention).

As mentioned in the introduction (equation 4), the Fisher formalism takes the second order ap-
proximation in the above expression. The reason to do so is more than simply the ease of calculation
[1]. Notice that ∂2

ij lnL(θ̂) in the second order coefficient is also Hessian matrix of lnL at θ̂. Since

by definition θ̂ is a local maximum, the Hessian ∂2
ij lnL(θ̂) is negative definite (except for the spe-

cial case of degeneracy where the Hessian is 0) and therefore equation 4 can be normalized. Any
higher odd-order approximations diverge as |δθ| → ±∞ and hence can not be normalized; any higher
even-order approximations may be normalizable but are not so in general. The likelihood function,
which is a probability function, is supposed to be normalizable, therefore making the second order
approximation a preferred choice.

In this paper we will investigate some properties of the third order approximation. The third
order approximation is local but not normalizable. Since we are interested in the error in the
estimation of θ, we are essentially considering the local region near θ̂ in the parameter space, and
therefore a local approximation is sufficient.

The Fisher matrix is defined as
Fij ≡ −〈∂2

ij lnL(θ̂)〉; (7)

where the expectation 〈〉 is over data space. In this paper we will define a new quantity

Gijk ≡ −〈∂3
ijk lnL(θ̂)〉. (8)

We may approximate the likelihood function near θ̂ by

L(θ̂ + δθ) ' L(θ̂) exp

(
−Fijδθ

iδθj

2
− Gijkδθ

iδθjδθk

6

)
. (9)

This is valid in the limit when the data set is large and hence x → µ,xxT − µµT → C. The
dependence on data x can thus be absorbed to the dependence of only two quantities, µ, C, and their
derivatives which are prior given the theoretical model and parameters, as explained in Appendix
A and [3, 4]. This allows us to forecast the error given the experiment setup and therefore we can
expect the quality of the data from the experiment.

Notice that we cannot forecast θ̂ by similarly defining a quantity 〈∂iL(θ̂)〉 because it is also 0 as

x → µ. In other words, we have to either have some prior knowledge about θ̂ or calculate θ̂ using
the data x.

From equation 5 we have lnL = − 1
2

[
ln(detC) + (xT − µT )C−1(x− µ)

]
+ const. By the defini-

tions of µ and C, we can derive (see Appendix A)

Fij =
1

2
Tr
[
C−1(∂iC)C−1(∂jC)

]
+ ∂iµ

TC−1∂jµ (10)
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and

Gijk = −Tr
[
C−1(∂iC)C−1(∂jC)C−1(∂kC)

]
−Tr

[
C−1(∂kC)C−1(∂jC)C−1(∂iC)

]
+

1

2
Tr
[
C−1(∂2

ijC)C−1(∂kC)
]

+
1

2
Tr
[
C−1(∂2

kiC)C−1(∂jC)
]

+
1

2
Tr
[
C−1(∂2

jkC)C−1(∂iC)
]

−∂iµTC−1(∂jC)C−1∂kµ− ∂kµTC−1(∂iC)C−1∂jµ− ∂jµTC−1(∂kC)C−1∂iµ

+∂2
ijµ

TC−1∂kµ+ ∂2
jkµ

TC−1∂iµ+ ∂2
kiµ

TC−1∂jµ. (11)

As we can see, Fij and Gijk are functions of µ and C; x does not explicitly appear in them. Notice
the symmetries

Fij = Fji (12)

Gijk = Gjki = Gkij = Gikj = Gjik = Gkji. (13)

Therefore for an n-dimensional parameter space we have n(n− 1)/2 + n independent entries in Fij
and n(n− 1)(n− 2)/6 + n(n− 1) + n in Gijk.

4 Error Contour Deformation

In the Fisher formalism, an error contour is defined as [5]

Fijδθ
iδθj = χ2 (14)

for some constant χ2. Along this contour,

L(θ̂ + δθ)/L(θ̂) = econst. (15)

Behind such definition of error contour in the Fisher formalism are the facts that for a Gaussian
likelihood in the parameter space θ̂ = θ, and the likelihood is symmetric about θ. However these
facts do not hold for other likelihood functions in general. In such cases, since θ is not of our
interest, using the χ2 contour for the definition of error contour near θ̂ is inconsistent as they have
no association. Instead, we can define the error contour as the contour along which equation 15 holds
for some const.; that is, we define the error contour by its relative likelihood compared to θ̂. In our
third order case, the error contour should therefore have

Fijδθ
iδθj +Gijkδθ

iδθjδθk/3 = const. (16)

In cosmology and most other research, researchers usually present error contours in two dimen-
sional parameter space spanned by some θ(1), θ(2) (if the likelihood function depend on more than

two parameters, fix the other parameters at their θ̂i, i 6= 0, 1). Define α ≡ δθ(1) = θ(1) − θ̂(1) and

β ≡ δθ(2) = θ(2) − θ̂(2) for convenience. For two parameters, Fij has three independent entries Fαα,
Fαβ and Fββ , and Gijk has four, Gααα, Gααβ , Gαββ and Gβββ .

The error contour in the Fisher formalism, given solely by Fij , is an ellipse whose long and short
axes can be found by the Lagrange multiplier method with the constraint α2 + β2 = const

∇
(
Fααα

2 + 2Fαβαβ + Fββ
)
∝ ∇

(
α2 + β2

)
(17)

which yields

−Fαβα2 + (Fαα − Fββ)αβ + Fαββ
2 = 0. (18)
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Defining the gradient r ≡ β/α (except for the trivial case α = 0), we have

Fαβ(r2 − 1) + (Fαα − Fββ)r = 0 (19)

which is a quadratic function from which we can solve for r, with the roots being the long and short
axes of the ellipse. Notice that the quadratic discriminant is (Fαα − Fββ)2 + 4F 2

αβ which is always
nonnegative (equal to 0 only when Fαα − Fββ = Fαβ = 0, corresponding to a circle) and hence it
always has roots.

Now we include the third order correction Gijk, and the shape of the error contour deforms from
an ellipse. To investigate the deformation, let’s define

g(α, β) ≡ Gijkδθ
iδθjδθk

= Gαααα
3 + 3Gααβα

2β + 3Gαββαβ
2 +Gββββ

3. (20)

Again if we take the gradient, g is a cubic function of r

g(r) = Gααα + 3Gααβr + 3Gαββr
2 +Gβββr

3 (21)

and its cubic discriminant is

∆g = 18Gααα(3Gααβ)(3Gαββ)Gβββ − 4(3Gααβ)3Gβββ + (3Gααβ)2(3Gαββ)2

−4Gααα(3Gαββ)3 − 27G2
αααG

2
βββ

= 162GαααGααβGαββGβββ − 108(G3
ααβGβββ +GαααG

3
αββ)

+81G2
ααβG

2
αββ − 27G2

αααG
2
βββ (22)

where  ∆g > 0 g has three distinct real roots
∆g = 0 g has two distinct real roots, one of which is a multiple root
∆g < 0 g has one real roots and two imaginary roots

.

We are going to discuss the behaviors of the deformation in each case.

Case I: ∆g > 0

There are three distinct real roots of g(r), corresponding to three distinct lines which we call
zero axes. On the other hand, the principal axes are the lines along which g(r) are a local extremes
with respect to r. Fixing the constraint α2 +β2 = const and use the Lagrange multiplier to find the
extremes

∇g(α, β) ∝ ∇(α2 + β2) (23)

the principal axes are given by the equation

Gαααα
2β + 2Gααβαβ

2 +Gαβββ
3 = Gββββ

2α+ 2Gαβββα
2 +Gααβα

3 (24)

Gαββr
′3 + (2Gααβ −Gβββ)r′2 − (2Gαββ −Gααα)r′ −Gααβ = 0 (25)

where r′ ≡ β/α is the gradient of the principal axes (except for the trivial case α = 0). The cubic
discriminant of the above equation of principal axes, ∆p.a, can be shown that

∆p.a > ∆g > 0 (26)
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Figure 1: An example of the error contour bending (blue against red) with respect to a principal
axis (black). The other two principal axes not shown. The F,G entries used are Fαα = 1958, Fαβ =
6160, Fββ = 20394, Gααα = 4840, Gααβ = −6534, Gαββ = −52602, Gβββ = −141900. The gradient
of the principal axis shown is 2.61.

Figure 2: Same as Figure 1 except the entries here are 1.2 times larger. The divergence in the error
contour is seen.
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and therefore there are always three real roots of r′, i.e. three principal axes, given ∆g > 0. Since g
is a smooth function, the ordering of the three principal axes and the three zero axes must alternate
as we increase the angle φ (r = tanφ) in the αβ-plane. For each principal axis, g(α, β) is positive
on one end and negative on the opposite end, and between the positive ends of two principal axes
there must be a negative end of the third principal axis.

Along a positive end, since Gijkδθ
iδθjδθk > 0, we need smaller error contour to satisfy equation

15, so the error contour shrinks on the positive end; along a negative end, the error contour extends
out. The degree of deformation along an end depends on how close its two nearby zero axes are; if
the two nearby zero axes are close, the deformation is large. If one of the principal axes happens
to be almost parallel to the long axis of the Fisher ellipse, we can see the overall error contour
bends toward the positive end of this principal axis and is thus deformed into a “banana-like” shape
(Figure 1).

Notice that in Figure 2, in which all entries are 1.2 times larger than those in Figure 1, the error
contour starts to diverge for certain large α, β; therefore we see the “tail” in the error contour. This
is the due to the fact we mentioned in last section that any odd-approximation diverges for large
δθi. In fact any odd-order approximations have to diverge for large enough α and β along certain
directions; the error contour in Figure 1, for example, diverges somewhere outside of the plot region,
i.e. the diverging region is disconnected from the region in the the figure.

Case II: ∆g = 0

This case can simply be viewed as the limit of the case ∆g > 0 when two principle axes approach
each other infinitely close.

Case III: ∆g < 0

Since g has only one root, there is only one zero axis. The deformation in this case is not
dominated by the principal axes, for that ∆p.a maybe positive, suggesting three distinct principal
axes in contrast with only one zeros axis, not capturing the feature of g. Instead, it is dominated
by the protrusion axis defined as the line along which

∇g(1, r′) · 〈1, r〉 = 0 (27)

where r′ is the gradient of the protrusion axis and r is the known gradient of the zero-axis. The
meaning of the definition is, on any line in the phase space parallel to the zero axis, the extreme of
g on this line is achieved at its intersection with the protrusion axis (see Figure 27). From equation
27 we can derive

r′2(Gαββ + rGβββ) + 2r′(Gααβ + rGαββ) + (Gααα + rGααβ) = 0 (28)

which describes the relation between r′ and r. Observe that r′ = r itself is a trivial solution to the
equation; the other solution, i.e., the gradient of the protrusion axis, can therefore be solved using
Viète’s formula

r′ =
Gααα + rGααβ
r(Gαββ + rGβββ)

= −2(Gααβ + rGαββ)

Gαββ + rGβββ
− r. (29)

To better understand the essential property of the protrusion axis, we let 〈a, c〉 = 1√
1+r2
〈1, r〉

and 〈b, d〉 = 1√
1+r′2

〈1, r′〉. Consider the coordinate transformation

[
α′

β′

]
=

[
a b
c d

]−1 [
α
β

]
(30)
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after which the zero axis lies along 〈α′, 0〉 and the protrusion axis along 〈0, β′〉. We can define

g′(α′, β′) ≡ Gα′α′α′α′3 + 3Gα′α′β′α
′2β′ + 3Gα′β′β′α

′β′2 +Gβ′β′β′β
′3 (31)

and require it to preserve the invariance

g(α, β) = g′(α′, β′) (32)

through the transformation from α, β to α′, β′. Using this invariance, it can be derived that

Gα′α′α′ = 0 (33)

Gα′α′β′ = Gαααa
2b+Gβββc

2d+Gααβ(a2d+ 2abc) +Gαββ(bc2 + 2acd) (34)

Gα′β′β′ = 0 (35)

Gβ′β′β′ = g(b, d) = Gαααb
3 + 3Gααβb

2d+ 3Gαββbd
2 +Gβββd

3 (36)

and hence
g′(α′, β′) = β′

(
Gβ′β′β′β

′2 + 3Gα′α′β′α
′2) . (37)

In equation 37 above, β′ = 0 gives the zero axis as expected. On the other hand, for any line parallel
to the zero axis, i.e. line with β′ = const., the extreme is at α′ = 0 which is along the protrusion
axis as expected as well.

Similar to the principal axes in the ∆g > 0 case, the protrusion axis here also have a positive
end and a negative end. As could be seen from equation 37, after the coordinate transformation,
β′Gα′α′β′ > 0 corresponds to the positive end and β′Gα′α′β′ < 0 corresponds to the negative.
However, in contrast to principal axes, the bending in this case is toward the negative end of the
protrusion axis. This is due to the fact that, for β′ = const., the extreme α′ = 0 is a local minimum
in terms of |g′|, therefore the deformation is the smallest along the protrusion axis and increases
away from the protrusion axis.

The sharpness of the bending is defined as 3|Gα′α′β′/Gβ′β′β′ | (see equation 37), which is illus-
trated in Figure 3. Figure 4 illustrates that the larger the sharpness is, the more bending there is in
the shape of the error contour. When the sharpness is 0, g′ is reduced to proportional to β′3 whose
deforming is independent of α.

5 Application to a Supernova Survey

We use the supernovae survey as an example for illustrating the application of the third order
correction in cosmology. Type Ia Supernovae (SNe Ia) has been used in the study of cosmological
expansion since the late 1990’s [6, 7]. A Type Ia Supernova is a result of an violent explosion of
a white dwarf star, see [8] for details of the mechanism. SNe Ia produces a fixed peak luminosity
(intrinsic luminosity) [6, 8], therefore it is used as a standard candle: by observing its flux, people
can infer the luminosity distance (see below), providing information about the expansion history of
the universe.

The luminosity distance is defined by the flux-luminosity relation [10, 11]

F =
L

A
=

L

4πd2
L

(38)

where F is the flux we observe, L is the intrinsic luminosity of the object (not to be confused with
the likelihood function) which is fixed for SNe Ia, and dL is the luminosity distance. The luminosity
distance is related to cosmological parameters via [9, 10, 11]

dL = (1 + z)

∫ z

0

dz′

H(z′)
(39)
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Figure 3: g′(α′β′) (equations 37) contours for sharpness equal to 3 and 300, with Gβ′β′β′ = 1/30
fixed. The “protrusion” shape in the contours is along the protrusion axis. The horizontal axis is the
zero axis and if we observe each of the horizontal lines, the extreme on it occur on the protrusion.

Figure 4: The error contours combining the protrusions in Figure 3 on an ellipse with equation
0.35α′2 +100β′2 = 0. Large sharpness bends the ellipse more (the deformation on the left is so small
to be seen); the direction of bending is along the protrusion axis which we see in Figure 3.
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Table 1: F and G entries of 1000 supernovae survey between z = 0 and z = 2

FMM 82713.21 GMMM −542813.33

FMw 24637.82 GMMw −204039.98

Fww 7705.07 GMww −24070.64

Gwww 19389.20

(M standing for ΩM )

where z is the red-shift and H is the Hubble parameter. In a flat universe (curvature k = 0) with
matter, dark energy and negligible radiation component, expanding the the Hubble parameter via
the Friedman equations, we have

dL(z) = (1 + z)H−1
0

∫ z

0

dz′√
ΩM (1 + z′)3 + (1− ΩM )(1 + z′)3(1+w)

. (40)

where ΩM is the ratio of the density of matter to the critical density for a flat universe and (1−ΩM )
is thus the portion of dark energy; w is the equation-of-state of dark energy defined as w = pDE/ρDE
which is the pressure-density ratio of dark energy. Current data in cosmology favor a flat universe
dominated by matter (baryonic matter and dark matter) and dark energy, and therefore equation
40 is an effective description of the relation between dL and the two cosmological parameters ΩM
and w.

In the SNe Ia survey the parameters to be estimated are ΩM and w, using Ω̂M = 0.27 and
ŵDE = −1. The observable quantity is the distance modulus of the supernova, whose expectation
is given by [6]

µ(z) ≡ 5 log10 dL(z) + 25 (41)

and is thus related to the parameters ΩM , w via equation 40. Consider µ(z) for a sample of 1000
supernovae uniformly distributed from z = 0 to z = 2. The covariance matrix is conventionally
taken to be constant Cnm = 0.152δnm for supernova survey, where δnm is the Kronecker delta [12]
and n,m takes 1 to 1000 (we use i, j, k to denote the indices of the parameters and m,n of the
observable quantities).

Notice that, since C is constant, only the last term in Fij (equation 10) and the last line in Gijk
(equation 11) are left, and i, j, k take ΩM and w. Since the integrating variable z′ in equation 40
is independent of ΩM and w, we can take derivative of the integrand in equation 40 directly. The
derivative of the integrand was performed explicitly and the integration over z′ is carried out using
Simpson’s rule. The results are listed in Table 1.

The error contours corresponding to different −2 ln(L(θ)/L(θ̂)) values (refer to equation 15) are
provided in Figure 5. The size of the error contour decreases as we have larger data set, since
we are thus able to do more precise estimation. Here we have 1000 supernovae, resulting in the
error contour along which −2 ln(L(θ)/L(θ̂)) = 1 being very small. Deformation is seen in the

−2 ln(L(θ)/L(θ̂)) = 10 and 100 contours. Notice that near the ends of the contour we see evidence
of divergence, which was discussed in section 3.

Comparing with the real function error contours provided in sources [6, 11, 12], our third order
approximation error contours in Figure 5 highly agree with them in shape, especially the direction
of bending. The principal axis corresponding for direction of bending is r′ = 0.32 in this case.

While Figure 5 and those real function error contours provided in sources mainly differ in three
aspects.
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Figure 5: Error contours for a survey of 1000 supernovae between z=0 and 2 with −2 ln(L(θ)/L(θ̂)) =
1, 10, 100.

Figure 6: Error Contours estimated by the Fisher formalism (without Gijk)

1. The position of θ̂ are different (seen on the plots; the sources above did not explicitly provide

the value of θ̂ they estimated). This is due to the fact discussed in the last part of section 3, that

we have to provide knowledge about θ̂. The θ̂ we used was estimated using a combination of
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SNe Ia survey, cosmic microwave background (CMB) and baryon acoustic oscillations (BAO)

[11]; it is not surprising that it differs from the θ̂ estimated using solely SNe Ia survey. In
summary this is a limitation originated from the Fisher matrix formalism, that we cannot
assume 〈x〉 → µ(θ) and use it to forecast θ̂.

2. Our error contours diverge. This is an expected result as discussed in section 3. However this
does not affect the effectiveness of our approximation capturing the local features of the real
error contour. This is a particular limitation of our new third order correction and in general
a limitation of any higher order corrections.

3. Comparing the plots, the size of our error contour is significantly smaller than the ones provided
in the sources. This is not due to our third order correction; comparing Figure 6 with the real
data plots, the same happen to the Fisher formalism without the third order correction. This
is simply, as mentioned above, a result of the size set of data. This is not due to any particular
limitation

These differences are all explainable and are expected.

6 Conclusion

We first reviewed the idea behind the Fisher matrix formalism. Its effectiveness comes from that
by taking the large data set limit, the dependence of the likelihood on particular data x is absorbed
into µ and C. We then extend the same method to the third order of expansion in the parameter
space in order to study the mis-estimation of error in the Fisher matrix formalism. In section 4 we
discussed the mathematical properties of the new approximate term Gijk, allowing us to forecast
the deformation from an ellipse to the real error contour using simple quadratic and cubic algebras.
Section 5 is an example illustrating the application of the new formalism in cosmological probes.
The new formalism reproduced the deformation successfully.

The success of the Fisher matrix formalism is largely due to its convenience in computation. It is
much faster than carrying out the Monte-Carlo simulation. The only intensive computational work in
the Fisher formalism is the calculation of entries in Fij; once it is calculated we can use it to forecast
error with simple algebra. In our third order expansion formalism, the intensive computational work
is in computing the Gijk entries. Comparing equations 10 and 11, the calculations of entries in Gijk
are at least one order of magnitude slower than the calculation for Fij (see Appendix B). This could
be acceptable; yet any higher order approximations involve too much computational work to be used
in research (see Appendix B).

The divergence of the third order approximation is undesirable since the likelihood function
is probability function which is supposed to be normalized to one. One of the most significant
consequence of this is the standard deviation is undefined, as the standard deviation is commonly
used to define error. However we have to keep in mind that our estimation of θ is θ̂ which maximizes
L, rather than the expectation value θ. As the standard deviation is associated with the expectation
value by its definition, the use of standard deviation may not be suitable in our case; the use of
equation 15 would therefore be a more reasonable definition.

In conclusion, in this paper we examined the extensions of the Fisher matrix error forecasting
formalism and illustrated it on an example of synthetic SNe Ia data. In the future it would be
good to further investigate the effectiveness of this new formalism with real data from various
other cosmological probes such as cosmic microwave background (CMB), baryon acoustic oscillations
(BAO) [11] and Galaxy clusters [13].
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Appendix A: A Formalism of Determining Arbitrary Deriva-
tives of lnL

The derivation of Fij and Gijk starts with

lnL = −1

2

[
ln(detC) + (xT − µT )C−1(x− µ)

]
+ const (42)

and uses the algebraic facts [4] that

ln(detC) = Tr(lnC) (43)

∂i(C
−1) = −C−1(∂iC)C−1. (44)

In general, consider the Nth derivative (N > 1), using the two formulae above and the derivative
of multiplication, d(uv) = u dv + v du, we can prove by induction

∂Ni1...iN lnL =
1

2

∑
[φ]∈[ΦN ]

(−1)|Im(φ)|Tr
{
C−1

[
∂
|φ−1(1)|
φ−1(1) C

]
C−1

[
∂
|φ−1(2)|
φ−1(2) C

]
...C−1

[
∂
|φ−1(N)|
φ−1(N) C

]}

−1

2

∑
ψ∈ΨN

(−1)|Im(ψ)|
[
∂
|ψ−1(0)|
ψ−1(0) (xT − µT )

]
C−1

[
∂
|ψ−1(1)|
ψ−1(1) C

]
C−1

[
∂
|ψ−1(2)|
ψ−1(2) C

]
...

C−1
[
∂
|ψ−1(N)|
ψ−1(N) C

]
C−1

[
∂
|ψ−1(N+1)|
ψ−1(N+1) (x− µ)

]
, (45)

where the sets of functions ΨN and ΦN are defined as

ΨN ≡ {ψ | ψ : {1, 2...N} → {0, 1...N,N + 1}} (46)

ΦN ≡ {φ | φ : {1, 2...N} → {1, 2...N}} ⊂ ΨN (47)

and [ΦN ] is the quotient set of ΦN up to cyclic permutations in the image of φ

[ΦN ] ≡ ΦN/ (cyclic permutations in the image of φ) (48)

, namely each [φ] ∈ [ΦN ] is an equivalence class in which every φ ∈ [φ] is a cyclic permutations of
the other elements in [φ]. The set inverse is defined as

ψ−1(n) = {m | ψ(m) = n} (49)

, and ∂
|ψ−1(n)|
ψ−1(n) means to take partial derivatives with respect to all ij where j ∈ ψ−1(n) (if ψ−1(n) = ∅

then no derivative is taken).

Now, we take the expectation of equation 45 with respect to x. Notice that for ψ ∈ ΦN ,
ψ−1(0) = ψ−1(N + 1) = ∅, hence, using C = 〈(x− µ)(xT − µT )〉 we have〈

(xT − µT )C−1
[
∂
|ψ−1(1)|
ψ−1(1) C

]
...C−1

[
∂
|ψ−1(N)|
ψ−1(N) C

]
C−1(x− µ)

〉
= Tr

{
C−1

[
∂
|ψ−1(1)|
ψ−1(1) C

]
...C−1

[
∂
|ψ−1(N)|
ψ−1(N) C

]}
(50)

(see [4]). Since traces are cyclic invariant, if ψ1 ∈ [φ] ∈ [ΦN ] and ψ2 ∈ [φ] ∈ [ΦN ] (notice, not in
[ΨN ]), then

Tr
{
C−1

[
∂
|ψ−1

1 (1)|
ψ−1

1 (1)
C
]
...C−1

[
∂
|ψ−1

1 (N)|
ψ−1

1 (N)
C
]}

= Tr
{
C−1

[
∂
|ψ−1

2 (1)|
ψ−1

2 (1)
C
]
...C−1

[
∂
|ψ−1

2 (N)|
ψ−1

2 (N)
C
]}

(51)
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, hence these terms can be combined to a coefficient equal to the size of [φ].

On the other hand, we have 〈x− µ〉 = 0, therefore in taking the expectation of equation 45, the
terms where ψ−1(0) = ∅ 6= ψ−1(N + 1) or ψ−1(N + 1) = ∅ 6= ψ−1(0) vanish.

Last, if ψ−1
1 (0) = ψ−1

2 (N + 1) 6= ∅, ψ−1
1 (N + 1) = ψ−1

2 (0) 6= ∅ and ψ−1
1 (n) = ψ−1

2 (n) for other
n’s, then their corresponding terms are equal as C is symmetric. Thus, by enumerating all Ψ2,Φ2

and Ψ3,Φ3, we obtain the expressions for F and G in equations 10 and 11.

Appendix B: Computability

We can use the above formalism to estimate the computability of 〈∂Ni1...iN lnL〉 with increasing N .

First the cardinality of ΨN is (N + 2)N , which indicates that the number of terms in equation 45 is
dominated by (N + 2)N . Second, the number of factors in each term in equation 45 is proportional
to N . Last, consider the symmetries in taking the expectation. In the first line of equation 45, the
number of symmetric terms increases proportionally to N ; however, the symmetry in the second
and third lines do not increase with N and thus these terms eventually dominate the computability.
Therefore, the number of times of computation increase with N as ∼ N(N+2)N which is so dramatic
that any order higher than three will definitely not be of our interest.

However, notice that in the second and third lines in equation 45 most of the terms are intertwined
terms of ∂C and ∂µ. If one of C and µ is constant, then the complexity is simplified.

First consider the case of constant C, like in the SNe Ia survey. Only terms of the form
∂nµC−1∂N−nµ survive, where 1 ≤ n ≤ N − 1 (since 〈x − µ〉 = 0, n = 0 or n = N give zero

terms). Thus is number of terms is given by 1
2

∑N−1
n=1

N !
n!(N−n)! , where the factor 1/2 is due to the

fact that C is a symmetric matrix.

On the other hand, consider the case of constant µ, which is discussed in [3, 4] for Fisher matrix.
In this case only terms in the first line in equation 45 survive. The cardinality of Φ is NN and the
cyclic symmetry is to the order of N . Therefore, with constant µ, the number of terms is two the
order of NN−1.

The typeset of the paper is by LATEX; plots by gnuplot; numerical computations (C++) by Ms Visual

Studio.
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