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I. Introduction

i. Quantum Computing and Quantum Information

From the mid-twentieth century onward, the study of macroscopic systems with classical
behavior has benefited greatly from advances in computer systems. One such example is the
forecasting of large scale weather systems, which due to incredibly complex dynamics was pre-
viously too computationally intensive to perform based on a set of collected initial conditions.
To date, there is no equivalent computational infrastructure for the study of large scale quantum
mechanical systems. An example might be the simulation of manybody effects in large crystal
lattices. Such lack of infrastructure is due to the fact that the modern computer operates in
the classical regime, and thus only naturally simulates systems exhibiting classical behavior. For
this reason, in the 1980s Richard Feynman proposed the development of devices which would
handle information in a quantum mechanical manner [1]. Such quantum technology would be
a natural basis for simulating large scale quantum systems.

A quantum computer (QC) is a computer that utilizes such quantum information. It is natural
for a QC to do so since it is fundamentally a manybody quantum system comprised of base units
referred to as qubits . Qubits are best thought of as a two level system. Much like a classical bit,
“0” is assigned to one level of the qubit, and “1” to the other. An example of a qubit might be two
energy levels of an atomic system that are well isolated from the other levels, or the two state spin
of an electron. Unlike the classical bit, the qubit is not restricted to two states, 0 and 1, but has
an infinite number of accessible states described by the superposition of the two levels,

|Ψ〉= a|0〉+b|1〉 (1)

Similarly, a collection of N qubits gives an infinite number of superpositions of 2N states,

|Ψ〉=a|1000	 .〉+b|1100	 .〉+c|1110	 .〉+		 (2)

Each state of the N qubit system is shared among all qubits. Since a superposition of these
states is allowed, each state is like a degree of freedom that spans across all qubits. One could
then think of this as the major difference between quantum and classical information. In classical
information each degree of freedom is assigned to one bit; in quantum information each degree of
freedom is shared among all qubits. This difference leads to another important property of the
quantum information encoded in qubits. Suppose there is a system of two qubits,

|Ψ〉=a|01〉+b|10〉+c|11〉+ d|00〉 (3)

Now suppose the system is transformed into the following state,

|Ψ〉=
|00〉+ |11〉

2
√ (4)

This is one of the famous Bell states. The Bell states are a collection of the simplest entangled states
between two state systems. Simply put, an entangled state cannot be factored into separate states
of the systems involved. This brings some unique physical properties to quantum information such
as non-locality and correlations that are stronger than those found in classical information. It is
the shared degrees of freedom among the qubits that allows for such entanglement. Demonstration
of entanglement between candidate qubits is therefore a test of their ability to carry quantum
information
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Another aspect of quantum information that must be addressed is the process of decoherence.
In general, the expansion coefficients describing the superposition of states are complex quantities,
so they by nature contain phase relationships between the various states of the system. These rela-
tionships allow for a multitude of coherent processes. As long as coherence in the system of interest
holds, the quantum information remains intact and can be manipulated in a coherent manner.
Decoherence results from the system coupling to the outside environment. After appreciable deco-
herence has occurred meaningful measurements made in the system’s intended representation, some
choice of previously good quantum numbers, will no longer be possible. This is because the qubits
have become entangled with the outside environment. In other words, the overall system behavior
cannot be separated into that of the qubit system and the outside environment once appreciable
decoherence occurs.

Since there is always coupling of a system to some vacuum field, decoherence must always be
considered in potential quantum computing schemes. One may think that decoherence funda-
mentally limits the computation time for an algorithm on a QC, but error correction schemes for
quantum information have been developed that potentially remove this barrier [2]. However, such
error correction requires quick gate operation time with respect to the decoherence time of the
particular system. The threshold ratio of the decoherence time to the gate time has been given
as 104 − 105 for successful quantum error correction [3]. Therefore, both the gate operation and
decoherence timescales are important considerations when choosing a system of qubits.

ii. Candidate Qubit: Singly Charged, Self Assembled Quantum Dots

Among the leading candidates for qubits are quantum dots (QDs). Simply put, quantum dots
are nanoscale semiconductor structures that are enclosed in a higher bandgap material. Under
these conditions there is a finite well potential in all directions, giving a zero dimensional density of
states, i.e. discrete energy levels. Of particular interest are a variety of dots that are charged with
a single electron or hole. This is accomplished by embedding the semiconductor heterostructure
containing the dots in a Schottky diode. In this work, the interest will be dots injected with single
electrons. Energy states consist of a ground level with a single bound electron and an excited level
with a bound electron-exciton pair referred to as a charged exciton, or more simply a trion. The
spin degeneracy of the levels can be broken via the application of external magnetic fields, and the
separation of levels can be modified via the DC Stark effect (applied voltage).

Although such singly charged QDs have short decoherence timescales compared to other qubit
candidates, their strong optical couplings allow for fast coherent manipulation. Such control has
been actively researched. Demonstrations include optical pumping [6], induced Rabi oscillations
[9], and coherent spin rotations [8]. Manipulations like these allow for the basic operation of singly
charged QD qubits. For example, optical pumping could be used to initialize dots into a simple
fiducial state, another criteria for qubits [3]. Rabi oscillations provide an avenue for the rapid
switching between states. As will be demonstrated, spin rotations allow for a convenient method
to readout the coherence between qubit states.

Dots also come with the advantage of already having a large semiconductor industry to back
mass production. Thousands of QD qubits could be manufactured on the same semiconductor slab
in a potentially cost effective manner, something that some other candidate qubits currently lack.
This makes a scalable quantum dot QC realizable.

As stated, decoherence in QDs is on a relatively short timescale. This is in large part due to
the semiconductor environment dots are in, which exposes the dots to various many body effects
absent in other potential qubits (such as trapped atoms). Such many body effects can significantly
enhance the dot-environment coupling, leading to shorter decoherence times. It is important to
demonstrate that such timescales can be brought to some fundamental limit in dots. This will make
the threshold ratio of the decoherence timescale to the gate operation timescale more realizable.
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Demonstration of entanglement between two QDs and between a dot and a photonic qubit,
such as that demonstrated with trapped atoms [4,5], has yet to be shown. One difficulty with
inter-dot entanglement is obtaining two dots with very similar properties. Currently, control over
dot characteristics in the growth process is poor at best. However, there is great potential for
showing entanglement between a QD and a photon. Such demonstration is necessary for showing
the possibility of an interface between a quantum dot QC and a quantum communication channel
which uses photonic qubits as information carriers.

iii. Time Domain Coherence Measurements and Spin-Photon Entanglement in an
InAs Singly Charged Quantum Dot

This paper will focus on time domain measurement of coherent processes involving an InAs
QD. The aim is twofold. First, by measuring Rabi oscillations in the time domain it can be
shown that single QDs have a decoherence times that is at the fundamental limit defined by
spontaneous emission. This has important implications for QDs usefulness as qubits. Second, it will
be demonstrated that it is possible to show entanglement between a spontaneously emitted photon
and the ground level spin states of the QD using such time resolved measurements. Demonstration
of such entanglement is an important step towards making an interface between QD qubits and a
quantum communication channel using photons as information carriers.

iv. Outline

Chapter II of this thesis will be an overview of the sample structure, the four level system
of the InAs QD, and a brief introduction to the single photon counting (SPC) technique used
to perform the time domain measurements. Because of the finite timing resolution of the single
photon detectors used in SPC, it is necessary to deconvolve signals obtained from the technique.
For this reason, Chapter III will be a primer for a linear deconvolution technique employed in
these measurements. Chapter IV is devoted to time domain Rabi oscillation measurements which
show the dot’s decoherence time is at the fundamental limit set by spontaneous emission. Finally,
Chapter V presents an experiment which aims to show entanglement between a singly charged QD
and a spontaneously emitted photon.
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II. Introduction to Singly Charged Quantum Dots, Decoherence, and
Single Photon Counting

i. Overview

The aim of this section is to introduce the flavor of quantum dots studied in this paper, InAs
QDs. First will be a brief overview of the sample structure that the dots are embedded in, and also
discussion of the two level and four level systems the QDs can be represented by. It will also be
useful to obtain differential equations describing the time evolution of the QD system in potentials
such as CW fields and laser pulses. This will be done using the density matrix formulation, which
will be introduced in brief. To build motivation for discussions later on, methods of measuring
decoherence in the time and frequency domains are explored. Finally, the single photon counting
technique used for time resolved measurements in this work will be presented.

ii. Sample Structure

The InAs QDs studied in this work are grown inside of a semiconductor heterostructure that is
fabricated via molecular beam epitaxy (MBE). Such a heterostructure allows for self-assembly of
the dots, and also allows provides a mechanism for the QDs to be singly charged; the Schottky diode
structure. This particular flavor of dots are referred to as self-assembled quantum dots (SAQDs).
The following is a brief overview of the sample structure and growth process.

GaAsInAs QD

Ti contact

Si-doped GaAs

doped GaAs Substrate

V

GaAs

Figure 1. The sample structure used in this work. Density of the InAs QDs is about 2-3 per square micron

A diagram of the heterostructure is given in Figure 1. The substrate for the sample is a doped
GaAs layer followed by a silicon doped GaAs layer. This Si doped layer provides the source of
electrons for charging the InAs dots, and serves as a base for the Schottky diode. It also corrects
for imperfections on the substrate surface, as the substrate is not grown via MBE. Following the
electron donor layer, a GaAs layer is placed to serve as tunneling barrier between the donor layer
and the dots, which in part serves to prevent diffusion of donor atoms into the InAs layer [4,8].

On top of the tunneling layer, a very thin layer of InAs is placed, followed by another GaAs
barrier. It has been demonstrated that strain caused by the lattice mismatch between GaAs and
InAs can induce formation of InAs dots on a few monolayers of InAs [1], which is how the dots are
formed in this work (self-assembly). QDs in this sample are at a density of about 2-3 per square
micron, and are blue shifted to a resonance of around 940nm via an indium flush technique where
the QDs are truncated at a certain height [9,10]. Given that the dots are about 3 nm in the vertical
direction and 10-100 nm wide [12], a single InAs QD can contain on the order of 104− 106 nuclei.
One must keep this fact in mind when treating the dot as an atomic system, as a true atomic system
of course only contains one nuclei. This makes the QDs susceptible to a number of complex, and
often unwanted, manybody effects that one does not have to deal with in a true atomic system.
However, the confinement potential suppresses many of the effects seen in bulk crystal, allowing
one to get away with using an atomic model in some cases.

The heterostructure is capped by titanium, forming the other end of the Schottky diode.
Applying a bias to the sample allows for the ground state of the QD to be adjusted with respect
to the Fermi level of the donor layer. When the ground state is below the Fermi level the dot may
be injected with a single electron [7].
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In the past, samples were often capped with an aluminum mask etched with arrays of apertures
around one micron in diameter [4, 11-12]. This allowed for excitation of single dots. In this work
the sample lacks the aluminum mask, and instead focusing is achieved with an aspherical lens,
providing a significantly greater numerical aperture than previously possible.

To reduce coupling to a thermal bath of phonons, and also to make confinement of electrons
and excitons possible, all work is done in optical cryostats where the sample may be cooled to
approximately 5 Kelvin. Some cryostats also contain a magnet which can apply magnetic fields up
to roughly 5 Tesla. The importance of the magnetic field is explained in the next section.

iii. Two and Four Level Systems of the InAs SAQD

A true analysis of the InAs QD would have to be done by calculating the electronic bandstruc-
ture. However, it turns out that to a good approximation the dot can be represented by a two
level system in zero magnetic field, and a four level system in a magnetic field perpendicular to
the growth axis. A brief discussion of both configurations is done here.

a. Zero Magnetc Field: Two Level System

InAs in bulk form is a direct bandgap material with heavy hole (HH), light hole (LH), and
split off (SO) valence bands. Although excitation across the bandgap can occur with electrons and
holes of various wavenumber, excitation at the bandgap energy involves only near-zero wavenumber
electrons and holes, especially in the QD case where there is further restrictions due to the relatively
small number of lattice sites [4]. It has been shown in the tight binding model that the conduction
band orbitals are s-like, and the valence band orbitals p-like, and that in the near-zero wavenumber
case angular momentum makes a good quantum number [13], despite the absence of spherical
symmetry in the system’s potential. Along with the spin states of the holes and electrons, one may
also use total angular momentum quantum numbers, j andmj.

Strain in the heterostructure has been shown to cause a split in the HH and LH bands, with the
HH band shifted towards the conduction band [2,3]. On-resonance excitation is then taken with
the HH transition, with the HH band having total angular momentum of j=3/2 and projection
mj =±3/2. Therefore, in a singly charged QD transitions occur between a ground state with an
electron in an s-like orbital (l=0, j=1/2, mj =±1/2), and an excited state consisting of an electron
spin singlet (paired electrons with opposite spins) and a hole in the p-like HH band (l=1, j=3/2,
mj =±3/2). This excited state is referred to as the trion state.
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Figure 2. TheQD system in zeromagnetic field. Cross transitions are forbidden, and the upward transitions

have circularly polarized selection rules. The energy gap is around 1.3 eV (940 nm), and can be adjusted

via the DC Stark effect. Energy levels are indicated by kets of form |l, j , mj〉.
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Figure 2 is a diagram of the QD states in zero magnetic field. The selection rules [4] are indicated
by the transition arrows. Since the excited and ground states are degenerate, and cross transitions
are not allowed, the system can be treated as a two level system. Ground state levels are often
labeled as |z + 〉 (|z − 〉) which denotes the spin up (down) projection, and likewise for the trion
states |Tz ±〉.

b. Magnetic Field in Voigt Geometry: Four Level System

When placed in a magnetic field orthogonal (x̂ axis) to the growth axis (ẑ axis) the Hamiltonian
for the QD must be re-diagonalized, giving new eigenstates. This orientation is referred to as
theVoigt geometry. In the new ground and excited eigenstates the degeneracy is broken by Zeeman
splitting. The eigenstates are given by,

|x±〉=
1

2
√ (|z + 〉± |z −〉) (5)

|Tx ±〉=
1

2
√ (|Tz + 〉 ± |Tz −〉) (6)

and the Zeeman splittings by,

∆e =µB ge Bx (7)

∆h =−µB gh Bx (8)

where µB is the Bohr magneton, and ge and gh are the g-factors for the electrons and holes
respectively. Typically, the g factors for electrons and holes in self-assembled InAs dots are 0.4-
0.5 and 0.2-0.3 respectively [4,6]. This corresponds roughly to 6 GHz/Tesla for the ground state
splitting and 3.5GHz/Tesla for the trion state splitting.

Transitions between the new eigenstates also come with new selection rules [4, 11-12]. A diagram
of the levels and transitions is given in Figure 3. Cross transitions are allowed in the Voigt geometry,
induced by horizontally polarized light. This is important since it allows one to use the ground spin
states as qubit states, which in general possess longer decoherence times than the optical transitions
[4,11]. Because of the cross transitions, one must treat this configuration as a four level system.

∆e

∆h

Bx 0

iV iVH H

|Tx+〉
|Tx−〉

|x+〉

|x−〉

Figure 3. The QD system in Voigt geometry. Cross transitions are now allowed, with all transitions having

linearly polarized selection rules. The Zeeman splittings are roughly 6 GHz/Tesla for the ground states, and

3.5 GHz/Tesla for the excited states.

It is necessary to derive the Hamiltonians for both system configurations in order to obtain
time evolution equations which can be used to analyze system behavior in laser field potentials.
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iv. Hamiltonian of the Two Level System

a. Schrödinger Representation

The first step to developing time evolution equations for the InAs SAQD is to determine
its Hamiltonian. This will be done for the two level system found in zero magnetic field, as the
Hamiltonian for the four level system is a straightforward extension of the two level calculation,
albeit slightly burdensome. To start, it is best to break the overall system Hamiltonian into one
for the energy basis of the dot and one for the optical couplings. The ground state is defined as
zero, and the excited state by the resonant frequency.

ĤSys= ĤEnergy+ ĤInter (9)

ĤEnergy=~

(

0 0
0 ω0

)

(10)

To obtain the interaction Hamiltonian one can use the dipole approximation to determine the
off-diagonal coupling terms. The potential of an electric field interacting with a dipole moment is
given by,

V (t)=− µQ ·EQ (t) (11)

µQ =−e rQ (12)

and the laser field is represented by the time dependent electric field,

EQ (t) = x̂
1

2
|E0(t)| [e−iωt +eiωt] (13)

where the polarization is taken along the x axis, which is in the plane of the QDs (thus equally
coupling to both degenerate transitions). For simplicity, the laser field does not contain a chirp as
it will not be necessary later on. To find the elements of the interaction Hamiltonian one simply
evaluates the matrix elements of the operator for the dipole moment,

〈1|µ|1〉=−e 〈1|x|1〉=0 (14)

which is true since x has odd parity. The same is then true of the other diagonal element. This
is expected since the levels should not be coupled to themselves. The off-diagonal elements are
nonzero, and can be made real by appropriate choice of phase. In that case, the off diagonal dipole
moments are then equal, as x is a Hermetian operator. That leaves,

〈1|µ|2〉= µ12= 〈2|µ|1〉 (15)

ĤInter=~





0
−µ12|E0(t)|

2~
(eiωt +e−iωt)

−µ12|E0(t)|

2~
(eiωt +e−iωt) 0



 (16)

It is helpful to simplify the notation in the following way,

Ω0(t)=
−µ12|E0(t)|

~
(17)

χ(t)=Ω0/2 (18)
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With the interaction Hamiltonian, the entire Hamiltonian for the isolated QD system can be
written,

ĤSys= ~

(

0 χ(t) (eiωt +e−iωt)

χ(t) (eiωt +e−iωt) ω0

)

(19)

While it is possible to proceed with the Hamiltonian in this Scrödinger representation, it will be
more convenient to define the eigenkets for the energy basis in a different form that will greatly
simplify future problems.

b. Field Interaction Representation and the Rotating Wave Approximation

As stated, it will help to redefine the energy basis eigenkets. In the field interaction represen-
tation the kets are put into a frame rotating at the laser frequency,

|1(t)〉=eiωt/2 |1〉 |2(t)〉=e−iωt/2 |2〉 (20)

which leaves the wavefunction as,

|Ψ(t)〉= c1(t) eiωt/2|1〉+c2(t) e−iωt/2|2〉 (21)

The trick is to now apply the Schrödinger equation to the wavefunction in field interaction form
in order to rewrite the Hamiltonian as well.

i~
d|Ψ(t)〉

dt
= ĤEnergy|Ψ(t)〉+ĤInter|Ψ(t)〉 (22)

By multiplying both sides of equation 18 with the eigenkets one gets,

i c1̇(t)=
ω

2
c1(t)+χ(t) c2(t)+χ(t) e−2iωt c2(t) (23)

i c2̇(t) =
(

ω0− ω

2

)

c2(t)+χ(t) c1(t) +χ(t)c1(t) e2iωt (24)

Now the last terms in equations 19 and 20 are rotating rapidly compared to the rest of the terms.
This means that on sufficiently long time scales, significantly greater than π/ω, that the rapidly
oscillating terms average out to zero. Such terms are then safe to ignore. This is known as the
rotating wave approximation (RWA). The equations in the RWA are,

i c1̇(t)=
ω

2
c1(t)+χ(t) c2(t) (25)

i c2̇(t) =
(

ω0− ω

2

)

c2(t) +χ(t) c1(t) (26)

By inspection, the field interaction Hamiltonian is,

ĤRWA=~

(

ω/2 χ(t)
χ(t) ωo −ω/2

)

(27)

The field interaction Hamiltonian in the RWA is independent of time in the case of a CW
potential. This makes it attractive for solving time evolution equations under these conditions.
The following sections will be devoted to obtaining such equations.
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v. Density Matrix Formulation

It is not possible to describe the time evolution of QDs in terms of a wavefunction of an isolated
dot, although this is often done as an approximation. Such a wavefunction does not exist due
to coupling with the surrounding environment. For the QD the environment is the surrounding
semiconductor, and also a vacuum radiation field which provides the pathways for spontaneous
emission. In general, there is a wavefunction which describes the environment and QD system
combined, although the isolated wavefunctions cannot be factored from the general one. Such a
wavefunction includes both the coordinates describing the environment, q, and the QD coordinates,
u.

When measurements are made on the system described by u, the measurements are averaged
over the coordinates q. Therefore, it would be convenient to have a theoretical tool that averaged
such measurements over the environment, allowing for a feasible way to determine time evolution
equations for the coordinates of the QD system. Such an averaging tool is known as the density
matrix. Lev Landau gives an excellent introduction to the density matrix [14], and that derivation
will be followed here.

Often, it is the goal in the laboratory to measure the average values of an operator that acts
on the coordinates of a particular system of interest. When the wavefunction which includes this
system is described by environment coordinates, q, and system coordinates, u, then the average of
an operator acting on u is,

f̄ =

∫ ∫

Ψ∗(q, u)f̂ Ψ(q, u)dq du (28)

Since f̂ only acts on coordinates u, one can define the following,

ρ̂(u′, u)=

∫

Ψ∗(q, u′) Ψ(q, u)dq (29)

The role of ρ̂(u′, u), known as the density matrix , is to average the system over the environment

when finding the average values of operators. In the case of operator f̂ this is,

f̄ =

∫

f̂ [ρ̂(u′, u)]u′ =udu (30)

For the case of odd parity operators such as the dipole moment operator of the previous section,

µ̄ =

∫ ∫

µ̂ [ρ̂(u′, u)]u′� u du
′ du (31)

Now taking one step back, suppose that the system of interest is completely isolated from the
environment, and suppose that system is in the energy basis of the two level QD system (u becomes
discrete). In that case, it is apparent from equations 26 and 27 that,

ρ̂(u, u)→|a1|2, |a2|2 (32)

ρ̂(u′, u)→a1a2
∗ , a2 a1

∗ (33)

The density matrix can then be expressed as,

ρ̂ =

(

|a1|2 a1a2
∗

a2a1
∗ |a2|2

)

(34)

In the energy basis, the diagonal terms are referred to as population, as they represent the
probability of the system being in that energy state. The off-diagonal terms are referred to as
coherence, as the relative phases of the energy states are contained within them.
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Equation 30 does not accomplish the goal of the density matrix, to pre-average the system of
interest over the environment while finding averages of operators acting on its coordinates. This
is because a special case of the density matrix was assumed, where the system of interest has its
own wavefuncion. However, it turns out that one can add in averaging terms to the time evolution
equations obtained from the isolated cases’ density matrix.

vi. Time Evolution Equations of the Two Level System

As stated, one can obtain time evolution equations for the density matrix and then add in
terms which do the job of averaging. It is fairly straightforward to derive the equation that gives
the time evolution, the derivation can be found in various quantum mechanics texts [5],

i~
dρ̂

dt
=
[

Ĥ , ρ̂
]

(35)

This comes as no surprise as the time evolution for the expectation value of operators is given by,

i~
df̄

dt
= 〈Ψ(t)|

[

f̂ , Ĥ
]

|Ψ(t)〉 (36)

with the density matrix being intimately related to the average values of operators.

Since the Hamiltonian in the field interaction picture is independent of time, it is best to derive
the time evolution equations in that representation. As in equation 31, one simply commutes the
field interaction Hamiltonian with the density matrix operator,

i
dρ

dt
=

(

ω/2 χ(t)
χ(t) ω0 −ω/2

)(

ρ11 ρ12
ρ21 ρ22

)

−
(

ρ11 ρ12
ρ21 ρ22

)(

ω/2 χ(t)
χ(t) ω0 −ω/2

)

(37)

From this, one finds

ρ̇11(t)=iχ(t)[ρ12(t)−ρ21(t)]

ρ̇22(t)=iχ(t) [ρ21(t)−ρ12(t)] (38)

ρ̇12(t)=i(ω0−ω)ρ12(t)+iχ(t)[ρ11(t)− ρ22(t)]

ρ̇21(t)=−i(ω0−ω)ρ21(t)−iχ(t)[ρ11(t)− ρ22(t)]

One can simply add in the terms that serve to average over the environment. The derivations
for the terms that accomplish such averaging are derived in texts on quantum optics [5],

ρ̇11sp(t)=γ2 ρ22(t)

ρ̇22sp(t) =−γ2 ρ22(t)

ρ̇12sp(t)=−γ2

2
ρ12(t) (39)

ρ̇21sp(t)=−γ2

2
ρ21(t)

Coupling to a vacuum radiation field is responsible for spontaneous emission, the rate for which
is given by γ2, and the corresponding timescale (lifetime) is denoted by T1. As will be shown, this
vacuum coupling also puts a fundamental limit on the decoherence time in a system. Decoherence
from spontaneous emission is attributed to amplitude decay of the coherence terms. Another
process known as pure dephasing must also be accounted for in this averaging,

ρ̇11Deph.(t) =0

ρ̇22Deph.(t) =0

ρ̇12Deph.(t)=−Γρ12(t) (40)

ρ̇21Deph.(t)=−Γρ21(t)
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Pure dephasing interactions are normally too weak to transfer population between levels, and
therefore add nothing to the population’s time evolution. However, these interactions can wash
out phase relationships in a system. The pure dephasing rate is given by Γ. Often one combines
both the pure dephasing and intrinsic decoherence into one quantity,

γ=
γ2

2
+Γ (41)

with the total timescale given by T2.

vii. Measuring Decoherence

Methods to measure decoherence timescales are important tools in determining how well the QD
carries quantum information. One method is to measure a time-resolved signal of a coherent process
in the QD, and then simply extract T2 from the measurement. This approach is employed later
on in this work. It turns out there is a convenient frequency domain measurement for estimating
T2, which can be obtained from solving time evolution equations. Suppose that the QD under zero
magnetic field is in an on-resonance CW potential. Under these conditions the detuning is zero,
and the field interaction Hamiltonian is independent of time. Taking into account that,

ρ11(t) =1−ρ22(t) (42)

the time evolution equations including averaging are,

ρ̇22(t)=iχ[ρ21(t)−ρ12(t)]− γ2 ρ22(t)

ρ̇12(t)=−i2χρ22(t)− (γ2/2 +Γ) ρ12(t) (43)

ρ̇21(t)=i2χρ22(t)− (γ2/2 +Γ) ρ21(t)

The equations for the coherence terms can be added together to obtain a decoupled equation,

α̇(t)=−(γ2/2+Γ)α(t) (44)

α(t)=ρ12(t)+ρ21(t) (45)

Solving equation 40 one obtains,

α(t)=α(0) e−t/T2 (46)

T2 =
1

γ2/2+Γ
(47)

Equation 42 represents the real part of the phase in the coherence terms, which are complex
conjugates of each other in the isolated case. It turns out that the Fourier transform of this equa-
tion is closely related to the absorption profile of the QD [5]. This makes sense, as the absorption
is extremely dependent on the system’s optical couplings, which are in turn dependent on the
coherence terms in the density matrix. The Fourier transform of Equation 42 has a Lorentzian
lineshape with FWHM given by 2/T2. Therefore, measuring the absorption profile and extracting
the FWHM is a measure of the decoherence time.

However, it should be noted that various pure dephasing processes can lead to broadening of
the absorption profile that results in a non-Lorentzian lineshape. An example of such broadening
is measuring absorption in an ensemble of quantum dots with varying characteristics, such as
energy splittings. This causes a superposition of many Lorentzian profiles in the same absorption
lineshape, leading to a broad, Gaussian profile. This type of broadening associated with ensembles
is referred to as inhomogeneous broadening. A decoherence measurement from a non-Lorentzian
lineshape is referred to as T2

∗. The difference in notation arises from the fact that 1/T2
∗ cannot

really be used as a rate such as 1/T2 is in Equation 42; these lineshapes are not associated with
rate equations in the time domain.
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An important thing to note is that the decoherence described so far is the decoherence of the
optical transitions from the ground to excited states, i.e. decoherence between the bound electron
states and trion states. Therefore, it is a bit of a misnomer to refer to this decoherence as the
decoherence of the QD. For instance, there is a separate decoherence timescale between the spin
states of the electron in the dot’s ground state. This is also important to consider since the quantum
information will ultimately be stored between these spin states in singly charged dots. Thus, the
decoherence timescales to be considered ultimately depend on the conditions surrounding the
quantum system.

viii. Single Photon Counting Method for Time Resolved Measurements

One can directly measure the time evolution of the populations by a method known as single
photon counting (SPC) [15]. The idea is to time histogram the arrival times of spontaneously
emitted photons with respect to a periodic sync in pulsed experiments (with pulses coming in
at the same rate as the sync), or with respect to the beginning of the experiment in CW mea-
surements. For example, one could send in pulses with duration shorter than the lifetime of the
quantum system, plot out the arrival times for each repetition, and the result would be some sort
of exponential decay from which a measurement of the lifetime(s) could be extracted.

In this work, SPC was performed using a commercial SPC apparatus. The device has an
input for a periodic sync which is used in pulsed experiments, and two input channels for single
photon detectors. Event records, which correspond to a detected photon, are sorted between input
channels. A typical SPC setup is shown in Figure 4. There are some differences between the setup
below and the setup used in this work, mainly the fact that the detectors used in this thesis are
single photon avalanche photodiodes (SPAPDs), whereas in the setup below photomultiplier tubes
(PMTs) are employed.

Figure 4. This is a typical SPC setup where the fluorescence is collected in the reflection geometry. The

fluorescence is sent through a beamsplitter, and each arm goes into a photomultiplier tube (PMT). Each

PMT is connected to a channel of the SPC apparatus (“TCSPC” here), and arrival times are collected

with respect to the start of the experiment (CW mode). Such a setup could be used to check for photon

antibunching, where one would take the difference in arrival times for events from different detectors and

bin the results. The histogram of these delays would show an anti-correlation at t=0 if the fluorescence

is from a single photon emitter. ExF and EmF refer to spectral filters for the excitation source and the

fluorescence. Photo Credit: http://www.bioe.psu.edu/mechlab/research2.html

Records contain a variety of information depending on which mode the counter is run in. In
pulsed mode these records contain the arrival time of the event with respect to the sync, and also
which trial of the experiment the event belonged to by counting the number of syncs that have
occurred before the particular event. For CW mode the records contain arrival times with respect
to the start of the experiment, and also which channel the events are from. With this information
one can do a variety of things such as the lifetime measurements that were previously explained,
or making correlations between photon events from different shots of the experiment and different
detectors. An example of such a correlation in CW mode is given in Figure 4.
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The time resolved signals obtained from these records must often be deconvolved from the
instrument response functions of SPAPDs or PMTs. This is because such detectors have a finite
timing resolution, causing features with timescale on order of the timing resolution to become
distorted. A method for deconvolving such signals is described in detail in the following Chapter.
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III. Tikhonov Regularization of Time Resolved Measurements

i. Overview

Often it is necessary to deconvolve signals in single photon counting (SPC) measurements due
to the limited timing resolution in detection systems. The overall timing resolution is most often
determined by the choice of detector. If parameters such as the lifetime of the QD are on the order of
the timing resolution, the signal must be deconvolved in order to accurately model the behavior.

In this section the method of Tikhonov regularization, a linear deconvolution technique, is
introduced under the context of shot noise limited signals obtained from SPC. Firstly, the process
of convolution is developed as a linear transformation such that deconvolution can be performed
via linear techniques. Secondly, Tikhonov regularization is introduced as the linear method imple-
mented in this work. Lastly, an artificial Rabi oscillation signal convolved with the instrument
response function (IRF) of a single photon detector is used to demonstrate the Tikhonov method.
From the results of this demonstration, the strengths and weaknesses of the Tikhonov method are
discussed.

This portion of the thesis may be skipped without loss of continuity on a first read-through.

ii. SPC Signals and Deconvolution

Signals are distorted in SPC if they have features with timescale shorter than the detector’s
timing resolution. This can be mathematically described as the convolution of the signal with the
instrument response function of the detector [1],

b(t)=h(t) ∗x(t) =

∫

−∞

∞

h(t− τ) x(τ ) dτ (48)

where b(t) is the measured signal, x(t) the true input signal, and h(t) the IRF. In this work the
timing resolution of the IRF will be denoted by tres. This is often determined by the FWHM of the
IRF. Note that if the IRF is a delta function, i.e. a detector with infinite timing resolution, the
measured signal is the true input signal at some delay. Similarly, if the signal is a delta function,
then the measured signal is simply the IRF. This is how the IRF is measured: by using short
optical pulses relative to the extent of the IRF, and time histogramming their arrival times from
the detector.

The convolution can be rewritten in the discrete form,

b(t) =
∑

i=1

N

h(t−i∆t)x(i∆t) ∆t (49)

where N is the number of data points of x(t), and ∆t is the sampling period, i.e. N =
T

∆t

+1 where

T is the duration of the measurement. Note that the convolved signal b(t) is 2N long since the
convolution is a complete translation of the IRF over the input (from t = 0 to t =2N∆t).

It is helpful to think of the convolution as a moving average over the input signal, with the IRF
defining the averaging window. A very narrow IRF will therefore only average a few neighboring
points together, causing minimal distortion. In fact, such an IRF can be used to filter out higher
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frequency noise in signal, effectively smoothing it. As an example, a sinusoid with period of 200
ps and added shot noise is convolved with a 10 ps Gaussian IRF (Figure 1). The characteristics
of the sinusoid are largely preserved, and significant smoothing is achieved.
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Figure 5. A Gaussian IRF with FWHM of 10 ps is convolved with a noisy sinusoid with period of 200 ps

(green). The result is smoothed out sinusoid with only small distortion (blue).

In the case where the Gaussian IRF has FWHM comparable to that of the period of the sinusoid,
significant distortion of the sinusoid characteristics occurs. Figure 2 illustrates this via convolution
of the noisy sinusoid with a 100 ps Gaussian IRF.
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Figure 6. Convolution of the noisy sinusoid with a 100 ps Gaussian IRF. Since the timing resolution is on

the order of the sinusoid’s features (period), the signal becomes highly distorted.

Often it is desirable to obtain the true input x(t) from the measured signal and knowledge of
the IRF. This is known as deconvolution. Mathematically, this is easy to solve by applying the
convolution theorem,

F{h(t) ∗ x(t)}= F{h(t)}F{x(t)} (50)
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where F denotes the Fourier transform of a function. The solution is,

x(t)=F−1

{

F{b(t)}
F{h(t)}

}

(51)

However, even in the presence of low level noise, equation 4 will lead to an unphysical solution. As
will be shown later, this is due to the noise adding content in the high frequency region where there
is little to no information from the signal. This causes the measurement to map onto a drastically
different solution during deconvolution. For this reason, deconvolution is referred to as an ill-posed
problem [2]. The exact input cannot be obtained by a true deconvolution (equation 4), but instead
constraints must be implemented to obtain a permissible solution. In order to understand what
these constraints are, it is helpful to formulate the problem of deconvolution in terms of a linear
system.

iii. Covolution as a Linear System

Equation 2 can be re-formulated as a linear transformation. In terms of a linear system, decon-
volution is just an inverse problem in the time domain. This provides a natural environment for
adding constraints on the deconvolution process since the interest is time resolved measurements.
The formulation as a linear system is as follows,

bQ = H xQ (52)

H =∆t
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(54)

where H is a 2NxN matrix containing the IRF information, bQ is the convolved signal (what is mea-
sured), and xQ is the true input. Note that the upper N rows of H form a lower triangular matrix,
and the lower N form an upper triangular matrix. Since the determinant of a triangular matrix is

20



just the product of the diagonal terms, and the diagonal terms here are identical non-zero values,
H is most often an overdetermined matrix. Certainly one would not expect an underdetermined
matrix; if the averaging window is known for an averaged signal, all of the information is there to
invert the process.

The natural approach to obtaining the input of a linear system when the output is noisy is to
find the least squares solution. The least squares solution satisfies the following condition,

min
∥

∥

∥Hxlsq− bQ ∥∥∥
2

(55)

where ‖	 ‖2 denotes the Euclidean norm, in this case the vector magnitude, and xlsq is the least
squares solution satisfying Equation 8. If the output was in fact noiseless then Equation 8 would
equal zero, and the solution would equal the true input. In the case where the linear system has
an invertible coefficient matrix, the solution to Equation 8 is as follows [3],

xlsq= (HT
H)−1

H
T bQ (56)

However, H is not a square matrix and therefore not invertible. Instead, it turns out that a
pseudoinverse can be found that solves the same least squares problem for overdetermined systems
such as H . It takes on the form of the coefficient matrix in equation 9 [4,5],

H
+ = (HT

H)−1
H

T (57)

and the least squares solution is simply,

xlsq=H
+ bQ (58)

The pseudoinvserse can be calculated using a method known as singular value decomposition, which
rewrites H in terms of two sets of orthonormal bases, and a diagonal matrix.

iv. Singular Value Decomposition and the Least Squares Expansion

As suggested, it is helpful to decompose H into what is known as the singular value decompo-
sition (SVD) in order to calculate the pseudoinverse. The SVD is defined as,

H=UΣV
T (59)

where U and V are both sets of orthonormal vectors such that,

UU
T = I2N VV

T = IN (60)

and Σ is an NxN diagonal matrix containing the singular values σi,

Σ=











σ1 0 
 0
0 σ

2
��  0

0 
 0 σ
N











(61)
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Note that U is a 2NxN matrix, which is necessary to obtain the correct form of H .

The SVD is not an arbitrary definition of H . The origins of the terms U,V, and Σ can be seen
from the following analysis,

HT =V Σ
T UT =V ΣUT

H
T
H =V ΣU

T
UΣV

T = V Σ
2
V

T (62)

and similarly one can show,

HH
T =U Σ

2
U

T (63)

As shown by Equations 15 and 16, the orthonormal bases U and V are sets of eigenvectors of HHT

and H
T
H respectively, with the square of the singular values being the eigenvalues. However,

Equation 16 is a source for some confusion. HH
T is a 2Nx2N matrix, and so its decomposition

yields 2N eigenvalues and 2N eigenvectors that span 2N degrees of freedom. As will be shown, one
only needs the first N column vectors of U which correspond to the N column vectors of V. For
this reason, U is left as a 2NxN matrix, with eigenvalues given by the N singular values squared.
This make sense, as the system at hand only has N degrees of freedom, the length of the input
signal, and only N vectors are needed to define an N dimensional space.

Armed with the SVD, the least squares solution obtained by the pseudoinverse can be put into
a more enlightening form,

xlsq=H
+ bQ =(HT

H)−1
H

T bQ
H

T
H =V Σ

2
V

T

xlsq= (V Σ
2
V

T )−1
V ΣU

T bQ =V Σ
−2

V
T
V ΣU

T bQ
xlsq=

(

U
T bQ Σ

−1
)

V (64)

Equation 17 can be rewritten as a discrete sum,

xlsq=
∑

i=1

N
(

ui
T bQ
σi

)

vi (65)

Equation 18 is an important result, as it is a decomposition of the least squares solution into
the eigenvectors and singular values obtained in the SVD, and also in terms of the measured signal.
The expansion vectors are terms oscillating at harmonics defined by,

fvi
=i

1

2T
(66)

where T is the duration of the signal and i the summation index. As defined in Equation 13, the
expansion vectors form an orthogonal set, much like sine and cosine terms oscillating at a set of
harmonics. Equation 18 is therefore a akin to a Fourier series expansion. The expansion coefficients
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are determined by the convolved signal, the singular values, and the column vectors of U. Equation
18 will be referred to as the least squares expansion

In later sections it will be shown that it is easy to constrain the approximate solution to input
xQ by inserting filter factors into the least squares expansion,

xreg =
∑

i=1

N

fi

(

ui
T bQ
σi

)

vi (67)

where fi are the filter factors, and xreg is the constrained solution. This process of using filter
factors in the least squares expansion is known as regularization. It turns out that by making the
filter factors such that they filter out high frequency terms physically acceptable solutions can be
obtained. It is the goal of linear deconvolution techniques to find suitable filter factors. In order
to demonstrate how the filtering can be performed, it will be useful to generate an artificial signal,
convolve it, and add shot noise.

v. Artificial Rabi Oscillation and System IRF

As mentioned, it will be useful to use have an artificial signal to develop deconvolution tech-
niques with. In the spirit of this paper, an artificial Rabi oscillation signal will be used (Figure 3).
Rabi oscillations are discussed in further detail in Chapter IV. For now, it suffices to say that the
signal is a numerical solution obtained from the time evolution equations for the two level density
matrix in the RWA (Chapter II). The on-resonance excitation pulse, which determines χ(t), is
modeled as Gaussian with a FWHM of 3 ns, and the lifetime (T1) of the two level system is set at
1 ns. No pure dephasing is included, i.e. T2 =2T1.
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Figure 7. Artificial Rabi oscillation obtained by numerically solving the time evolution equations of the

two level density matrix.

The IRF used is from a single photon avalanche photodiode (SPAPD) with a timing resolution
of around 35 ps. A measurement of the IRF is shown in Figure 4. It was obtained using the SPAPD
as an input channel of a single photon counter and binning the arrival times of pulses with width
of 2 ps coming in at a repetition rate of 76 MHz.

23



1400 1600 1800 2000 2200 2400
Time (ps)

In
te

n
s
it
y
 A

.U
.

Single Photon Detector IRF

Figure 8. Measured IRF of SPAPD used in this work.

Although the FWHM of the IRF is around 35 ps, the tail of the response can cause significant
distortion in signals, even when features in the signal signal have time scales a few times greater
than the FWHM of the IRF. This is apparent in the comparison of the input Rabi signal with the
convolved Rabi signal, which is shown in Figure 5.
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Figure 9. Rabi signal convolved with the SPAPD IRF.

vi. SVD of the System IRF, and Expansion Coefficients in the Prescence of Noise

To better understand the least squares expansion, and why it leads to unphysical solutions in
the presence of noise, it is necessary to investigate the IRF’s SVD. By looking at the spectrum
of singular values, and also at the numerators of the expansion coefficients for noisy and noiseless
signals, it can be shown that the expansion coefficients are sensitive to noise at high frequencies.
Noise will be modeled using a Poisson distribution which is representative of optical shot noise.

As stated the SVD is obtained by solving the eigenvalue problems given by Equations 15 and
16. The SVDs in this paper are performed using a MATLAB package developed by P.C. Hansen
[6], as are some other base algorithms used here.
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In optics experiment one has measurements limited by optical shot noise in the best case
scenario. For this reason, Poisson distributed noise is added to the convolved Rabi signals in order
to develop deconvolution techniques. The signal to noise ratio (SNR) can be adjusted by scaling the
peak number of counts in the Rabi signal, as the SNR goes like the square root of the mean number
of counts for shot noise. For now a signal is used with a peak of roughly 300 counts (Figure 6).
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Figure 10. A convolved Rabi oscillation signal scaled to have a peak count of 300. Shot noise is then added

using a Poisson weighted random number generator.

To understand why high frequency terms of the least squares solution are susceptible to noise, it
is helpful to plot the singular values, σi, against their corresponding frequencies given by Equation
19. This is done for the SPAPD IRF in Figure 7. As can be seen, at higher frequencies the singular
values become increasingly smaller, which is in general true but difficult to prove [6]. Since the
expansion coefficients in the least squares solution are inversely proportional to the singular values,
if the numerators of the coefficients are perturbed by additive noise this can lead to a blow up of
high frequency terms. In that case, the least squares solution will be unphysical.
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Figure 11. Singular values as a function of expansion vector frequency. It should be noted that the

frequencies here are obtained via the Fourier transform of the expansion vectors vi, not by using Equation

19. However, it can be easily shown that the frequencies follow that trend.

25



Further illustration of the effect noise has on the least squares solution is given by comparison
of the numerator for expansion coefficients of noisy and exact (noiseless) signals. Figure 8 is a
plot of the expansion coefficient numerators using the convolved Rabi signal with no noise and the
noisy signal from Figure 6. It can be seen that the exact signal’s numerators decrease rapidly with
frequency, while the noisy signal’s numerators level out. This convergence is due to the fact that
the shot noise is white over the bandwidth of interest (0 to 1/tres), thus having equal content at
high and low frequencies. In effect, this causes the expansion coefficient numerators to level out
towards higher frequencies where the true input signal has no frequency content. Therefore, small
noise induced perturbations in the measured signal lead to a blow up of high frequency terms in
the least squares solution.

0 5 10 15 20 25 30
10

-10

10
-5

10
0

10
5

V
i
 Frequency (GHz)

u
iT
 b

Expansion numerators for noisy and exact Rabi signals

 

 

Exact (black)
Noisy (blue)

Figure 12. Plot of expansion coefficient numerators for both noisy and exact signals. Note the bifurcation

in the exact signal’s numerators. This is due to expansion vectors of one parity being weighted more than

those of the opposite parity, a common characteristic of Fourier series solutions.

In order to find a suitable solution it is apparent that the expansion coefficients at higher
frequencies must be truncated or dampened. Truncation can lead to accurate solutions, but better
results are achieved by adding filter factors in the least squares expansion, such as in Equation
20. As stated, building proper filter factors is the goal of linear approaches to deconvolution. The
following section presents the Tikhonov method for making such factors.

vii. Tikhonov Regularization

One method for smoothly dampening out high frequency terms in the least squares expansion is
Tikhonov regularization [2]. This is achieved by building the filter factors with the singular values
and a filter parameter, λ.

fi =
σi

2

σi
2 +λ2

(68)

In the limit where the singular values are significantly greater than the filter parameter, there is
no filtering. Moving towards higher frequencies, the singular values become comparable to the
parameter (where the filtering turns on), and then at high frequencies less than λ (where these
frequency components are cut off). In Figure 9 the regularized expansion coefficients are plotted
moving from no filtering to high filtering. At no filtering the blow up of high frequency terms can
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be clearly seen. Towards higher filter parameters (high enough to have a cutoff frequency) it is
apparent that the cutoff frequency becomes lower.
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Figure 13. Weighted expansion coefficients plotted for different filter factors. The first plot shows the blow

up at high frequencies in the case of no filtering. The other plots demonstrate the relationship between

cutoff frequency and the filter factor.

The goal of Tikhonov regularization is to then choose the best filter parameter, i.e. the optimum
cutoff frequency. Methods for choosing the filter parameter aim to balance errors induced by
regularization (overfiltering) and the effects of additive noise on the regularized solution, xλ. There
are a variety of algorithms for doing so, but the one employed in this work is known as the quasi-
optimality criterion [6]. The algorithm simply minimizes the following function,

f(λ)=λ

∥

∥

∥

∥

dxλ

dλ

∥

∥

∥

∥

2

(69)
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Minimizing the right hand term of the function is equivalent to finding the regime where noise
causes little perturbation to the regularized solution, a sort of convergence condition. This is
counter-balanced by the left hand term, the filter parameter, which ensures that overfiltering is
not occurring. This method has been shown to be quite robust for spectral filtering regularization
methods dealing with white or colored noise [7]. It also has an advantage compared to other
methods in the fact that an estimate of the noise level is not required.

The following section will implement Tikhonov regularization on the convolved Rabi oscillation
signal using the quasi-optimality criterion to determine the right level of filtering.

viii. Deconvolution of Artificial Rabi Oscillations

Tikhonov regularization is implemented on the noisy Rabi signal shown in Figure 6 using the
quasi-optimality criterion to determine the optimum filtering. Figure 10 is a plot of the deconvolved
signal along with the residuals between the original unconvolved signal (the “true input”) and the
deconvolution. Each point in the residual is divided by the square root of the unconvolved signal,
which gives an estimate of the shot noise level.
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Figure 14. Close up of the deconvolution along with the true input. The filter factor chosen using the quasi-

optimality criterion is indicated. The weighted residuals between the true input and deconvolved signal are

also given, the purple region indicates the points within two standard deviations of the true input.

The vast majority of the deconvolution is within two standard deviations of the true input,
showing that the deconvolved signal in this case could be used to fit an accurate model for the
system behavior. However, upon close inspection of the deconvolved signal one notices that the
signal has additional high frequency structure. In this work such structure on deconvolved signals
are referred to as artifact oscillations . Artifact oscillations are a drawback to using linear deconvo-
lution techniques [8] as they may cover up real features in the signal. The origins of these artifacts
are discussed in the next section.

ix. Artifact Oscillations

The artifact oscillations can be shown to be caused by the filtering effect on the additive noise
during the linear deconvolution process. Such noise is often white over the bandwidth of interest
for the signal, i.e. 0 to 1/tres. This is the case with shot noise. White noise is by definiton noise
with a flat frequency spectrum. If the frequency distribution of the noise is somehow made narrow
relative to the bandwidth of interest, then the noise in the time domain will no longer appear to
be random. Instead, it will appear to have structure. This process can be shown by looking at the
frequency structure of artifact oscillations for deconvolved Rabi signals with different SNR. This
is done in Figure 11.
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Figure 15. Frequency spectra of deconvolved Rabi signals with varying overall SNR. The low frequency

region containing the signal content is not included for illustration purposes. These spectra help illustrate

the origin of artifact oscillations in Tikhonov regularized solutions. Note the y-axis scaling is not the same

for each spectra.

The SNR of the convolved signal is adjusted by scaling the peak count level before adding shot
noise, as indicated in the Figure 11 spectra. The overall intensity is normalized to the peak intensity
which is near zero frequency. For illustration purposes the low frequency region containing the
signal content is not included. It is immediately apparent that the noise content is narrow compared
to the bandwidth of interest, as suggested, and peaked. Also, with increasing SNR the peak of
the noise content shifts towards higher frequency, and the overall intensity decreases. This can be
explained by the frequency filtering in Tikhonov regularization and also the SNR as a function of
frequency for shot noise limited signals.

Since the frequency content in the bandwidth of interest is primarily at low frequencies in
shot noise limited signals, and since shot noise is white over this bandwidth, the SNR in general
decreases as a function of frequency. Therefore, for a given signal the least squares expansion
coefficients are well conditioned towards lower frequencies. Without filtering the coefficients then
become poorly conditioned towards higher frequencies (this can be clearly seen in Figure 9). When
there is filtering the highest frequency coefficients are completely suppressed. However, there this
a region between this total cutoff and the well conditioned low frequency region where the poorly
conditioned coefficients are merely dampened. This causes a narrow, peaked distribution in the
spectrum of the deconvolved signal. As the overall SNR increases (peak counts increase) the well
conditioned low frequency region extends, and the optimum cutoff frequency moves towards higher
frequencies. This shifts the peaked noise distribution towards higher frequencies and lowers its
overall intensity since the SNR at high frequency is also increasing.
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x. Summary

The Tikhonov regularization approach provides a relatively straightforward, robust method
for deconvolving time resolved measurements. The real advantage lies in the fact that no prior
knowledge of the true input signal is required. However, such information is useful to check for
consistency, and is often readily available. At the very least, no estimate of the true input needs
to be made when using the method.

One drawback is the artifact oscillations in the deconvolved solutions which originate from
confining the bandwidth of the perturbative noise. These may in some cases cover up real structure
in the signal. A number of nonlinear, iterative methods [8] do not posses this drawback. However,
they suffer from having to make an estimate of the input signal, are less straightforward, and in
most cases more computationally intensive. Therefore, in the case where artifact oscillations do not
significantly affect the analysis of time resolved measurements, the relative simplicity of Tikhonov
regularization pays off.
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IV. Time Resolved Measurement of Rabi Oscillations

i. Overview

Because of the quantum nature of the information carried by SAQDs, one can observe a multi-
tude of coherent processes from the dot under various potentials. Measurement of coherent behavior
in a system can be a means of characterizing how well it can carry quantum information. A two
level system undergoes what is referred to as Rabi oscillations when in an on-resonance CW laser
field potential. In this section, it is shown from time resolved measurements of Rabi oscillations that
singly charged SAQDs can have decoherence timescales at the limit set by spontaneous emission.
This has important implications for SAQDs eligibility in quantum technology applications, as
qubits should have decoherence timescales which are long compared to gate operation time.

ii. Time Evolution Equations of a Two Level System in an On-Resonance CW Field

In Chapter II time evolution equations were developed for two level systems with environmental
couplings in an on-resonance CW laser field. These were,

ρ̇22(t)=iχ[ρ21(t)−ρ12(t)]− γ2 ρ22(t)

ρ̇12(t)=−i2χρ22(t)− (γ2/2 +Γ) ρ12(t) (70)

ρ̇21(t)=i2χρ22(t)− (γ2/2 +Γ) ρ21(t)

These coupled differential equations have analytical solutions, and it is easiest to input them
into a differential equation solver such as Mathematica, which is what is done here. Taking the
coherence and excited state population as zero at t=0, one finds for ρ22 after simplifying

ρ22(t)=
Ω0

2/2

Ω0
2 +γγ2

(

1−
[

cos (λt)+
γ + γ2

2λ
sin(λt)

]

e
−

1

2
(γ+γ2)t

)

(71)

Note that,

γ=
γ2

2
+Γ = 1/T2 (72)

γ2 =1/T1 (73)

Ω0 =
|µ12E0|

~
(74)

λ= Ω0
2− (γ − γ2)2

4

√

(75)

Equation 2 takes the form of a decaying sinusoid, with oscillation at a frequency near Ω0,
known as the Rabi frequency. As seen in Equation 5, the Rabi frequency is linear with the field
amplitude. By extracting the lifetime (T1) of the InAs QD, one can measure the decoherence time
of the dot through adjustment of the CW power and making fits to the resulting Rabi oscillations
with T1 as a fit constraint. As previously discussed, one may also estimate the decoherence time
in frequency space (T2

∗) by looking at the bandwidth of the CW absorption spectrum. T2
∗ is used

as the absorption profile may have non-Lorentzian features. The results of this process are shown
and analyzed in the following sections. Because the interest is study of the QD’s two level system,
all measurements in this section are performed in zero magnetic field.
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iii. Characterization of the InAs SAQD

Measurement of the QDs lifetime is achieved by exciting the dot with a resonant 250 ps laser
pulse and binning the arrival times of emitted photons. The resulting signal is a single exponential
decay, which is displayed in Figure 1. Using a linear fit to the decay, the extracted lifetime is
640±25ps. As stated, the lifetime can be used as a constraint for the fits of Rabi oscillation signals
measured under resonant CW excitation.
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Figure 1: Exponential decay from 250 ps pulsed excitation of InAs SAQD, extracted lifetime of 640±25ps.

Figure 2: CW absorption spectrum of InAs SAQD, linewidth of 623±25MHz

Under low power excitation, an estimate of the decoherence time is extracted from the absorp-
tion profile,

T2
∗=

2

(2π)FWHM
(76)

The factor of 2π is included if measuring in Hertz. Figure 2 is a measurement of the scattered
photons as a function of detuning, which is equivalent to measuring the absorption. This is obtained
by simply frequency scanning a CW laser through the QD resonance. The measured linewidth
is 623±25 MHz, which corresponds to T2

∗ =511±21ps. Comparison of this measurement in the
frequency domain to that in the time domain will prove insightful.

iv. Measurement of Rabi Oscillations and Extraction of the Decoherence Time

Rabi oscillations are measured by focusing a linearly polarized, 2 ns, CW square pulse on the QD
at a repetition rate of 76 MHz. This is followed by binning the arrival times of photons relative to
a sync also at 76 MHz. Emitted photons are detected using a single photon avalanche photodiode
(SPAPD), with the laser light rejected by a crossed linear polarizer placed before the SPAPD.
Under zero magnetic field the QD selection rules are circularly polarized, so half the emitted light
is lost through the crossed polarizer. The CW square pulses are generated with a CW laser gated
by an electro-optic modulator (EOM) driven at 76 MHz.

Because of the finite timing resolution of the SPAPD used, the signals are deconvolved using
Tikhonov regularization in order to make an accurate fit. As stated, the fits are made with T1 as
a constraint since its value is well determined by the exponential decay. Fits are re-convolved with
the detector’s IRF and plotted with the raw data. Signals are obtained at multiple laser powers
in order to observe oscillations at different frequencies, with the results in Figure 3. To check for
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consistency, the extracted Rabi frequencies are plotted against the square root of the laser power
in Figure 4. The data points are shown to follow a linear relationship, which is expected.
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Figure 18. Rabi oscillations measured from excitation by 2 ns square pulses at different peak powers. The

raw data are plotted along with fits to Equation 2 that are convolved with the SPAPD IRF
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Figure 19. Plot of the Rabi frequencies taken from fits to time resolved measurements. The linear scaling

with field amplitude is consistent with Equation 5. A measurement of the electric dipole moment is taken

from the linear fit, giving 10.1±1.1 Debye. To give a physical scale to this quantity, this is approximately

10 times the dipole moment of a water molecule.

Decoherence times are extracted from each fit, giving an average result of T2 =1.21±0.15ns.
This time domain measurement of T2 is nearly twice the QD lifetime, with 2T1 =1.28±0.05ns.
What this suggests is that the decoherence time of the dot is near the limit set by spontaneous
emission, i.e. no pure dephasing. Absence of pure dephasing has been observed before in this
system [2,3]. However, the time domain result is roughly twice that of the estimate in the frequency
domain. Discrepancy between the measurements in the time and frequency domains is the topic
of discussion in the following section, as are the implications for SAQDs validity as qubits.
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v. T2 in The Frequency Domain vs. The Time Domain

As shown in the previous section, the decoherence times measured in the frequency and time
domains do not agree, with the frequency domain result being significantly shorter. This may be
in part due to the spectral wandering process that occurs in InAs SAQDs [2]. Spectral wandering
is a process where the resonant frequency of the QD fluctuates over time, with energy shifts on the
order of µeV [5]. It may be due to field fluctuations from background charges [4] which interact
with the dot’s electric dipole moment. However, the spectral wandering process does not appear to
cause significant change in the decoherence timescale in the time domain. This makes some sense,
as each measurement in the time domain has a short integration period with respect to time (arrival
times are binned, and then another measurement is started). It does not allow spectral wandering
to shift the energy levels by much during measurement. However, in the frequency domain there is a
much longer integration period with respect to time. This causes spectral wandering to significantly
broaden the absorption profile.

The fact that the time domain’s decoherence timescale may be immune from spectral wandering
is quite promising for the candidacy of SAQDs as qubits. This is due to the fact that in quantum
computing one would care about the evolution of quantum information in the time domain, as
opposed to evolution in the frequency domain. It is more likely then that the threshold ratio for
decoherence time to gate operation time could be met. However, one must keep in mind that this
is considering the decoherence time for the optical transitions, and not the decoherence time for the
QD’s ground spin states where the information is ultimately stored. In any case, a long decoherence
time in the optical transitions is still crucial since gate operations would rely on them.
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V. Spin-Photon Entanglement

i. Overview

A unique aspect of quantum information is the entanglement between the qubits hosting the
information. Since entanglement is a core aspect of quantum information, it is necessary to demon-
strate entanglement between candidate qubits before proceeding to incorporate them with quantum
technology. With singly charged SAQDs an obvious first step may be to demonstrate entanglement
between two dots. However, this is a considerable challenge in QDs for the following reasons: (1) it
is difficult to control the properties of dots, i.e. make near identical dots, (2) the optical transitions
are susceptible to spectral wandering processes caused by background charges, which could lead
to smaller decoherence timescales between entangled dots, (3) the hyperfine interaction between
the ground spin states and the fluctuating field from the nuclear spin environment [3-4] leads to
fluctuations in the Zeeman splitting between ground spin states, also leading to smaller decoherence
timescales for inter-dot entanglement.

Entanglement between a SAQD and a photonic qubit is a more attainable goal since it does
not fall victim to (1) or (2). Such entanglement has been previously shown with trapped atoms
[1]. It is important to demonstrate, as it provides an interface between quantum technology and a
quantum communication channel. This in turn could enable the creation of quantum information
networks. Also, the spin-photon interface can be used to entangle two distant QDs, much like what
has been done with trapped atoms [2].

In this Chapter it is shown that by using the single photon counting method for time resolved
measurements, entanglement can be shown between the ground spin states of a QD and the
polarization states of a spontaneously emitted photon.

ii. Generating an Entangled State

The four level system of the singly charged InAs SAQD in an orthogonal magnetic field has
been extensively studied [5-7], especially in regards to the system’s selection rules. Knowledge of
the optical selection rules is important in understanding what entangled states can be generated
between the spin ground states and polarization states of a spontaneously emitted photon. Figure
1 shows the decay from the |Tx−〉 state in the familiar four level diagram from Chapter II. Decay
to each spin state is only allowed for linearly polarized states of the spontaneously emitted photon.
Given this fact, and also that the optical couplings for both transitions are roughly equal, the
wavefunction of the isolated spin-photon system upon spontaneous emission is,

|Ψ〉=
|x+〉|H 〉−i|x−〉|V 〉

2
√ (77)

Measuring the entangled state is easier said then done. It requires correlations between the
spin states and their corresponding polarization states to be made, and also demonstration of the
coherent relationship between both sets of correlations. This requires two separate experiments.
Proving the correlations in more straightforward. For example, it could be shown that finding a
population in the spin up state is correlated with detecting a horizontally polarized photon after
initializing the dot in the |Tx−〉 state. This could be accomplished by preparing the system in |Tx−〉,
passing the fluorescence through a horizontally aligned polarizer, measuring the |x+〉 population
upon detection, and repeating until statistically satisfying results are obtained. This could be done
just as easily for the other spin state and polarization. However, this would show a simple classical
correlation. It would not prove that the system is in a coherent superposition of the correlated
states, the defining feature of entanglement.
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Figure 20. Singly charged InAs QD in Voigt geometry. The selection rules are shown for decay from the

spin down trion state, |Tx−
〉. The spontaneously emitted photon from this transition is entangled with

the dot’s ground spin states, as given by Equation 1. Note the sign change for the spin down transition’s

selection rule. This is because emission depends on the coupling term in the density matrix that is the

complex conjugate of the coupling term responsible for excitation.

iii. Measuring Spin-Photon Entanglement: Theory

As stated in the last section, to measure entanglement the correlation between spin and polar-
ization states must be shown, as well as the quantum coherence between the two sets of correlated
states, |x+〉|H 〉 and |x−〉|V 〉. Measuring the correlation was described briefly in the last section.
This section will focus on measurement of the relative phase between the correlated states. The
measurement is developed around the single photon counting technique described in Chapter II.
By keeping track of the arrival time of the spontaneously emitted photon, and correlating this
detection with an appropriately designed readout, it is possible to show coherence between the
correlated states. To simplify the explanation of the measurement, the experimental details are
presented later in the Chapter.

To start, the system is initialized to the spin down trion state through a series of optical pulses.
Since it would be hard to distinguish between detection events caused by light transmitted through
the QD and events from spontaneous emission, it is necessary to block out light from the excitation
using polarization extinction. This can be accomplished by polarizing the excitation pulses for σ+,

|σ+〉=
|H 〉+i|V 〉

2
√ (78)

and post-selecting the light on the transmission side for the |σ−〉 state. This extinguishes light
from the excitation sources, and leaves the isolated spin-photon system in the state below following
post-selection,

〈σ−|Ψ〉=
〈H |+i〈V |

2
√

[

|x+〉|H 〉 −i|x−〉|V 〉
2

√
]

(79)

|ΨPost〉=
|x+〉+ |x−〉

2
(80)
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As the photon was destroyed, the system now only incorporates the spin states. The system now
undergoes time evolution, the spin precession period

|ΨPost(τ)〉=
|x+〉e−i∆ωτ + |x−〉

2
(81)

∆ω =2π∆e Bx (82)

recalling that ∆e is roughly 6 GHz/Tesla. The spin precession period is denoted by τ .

Now all that is left to do is measure the coherence between the spin states. Assuming the
correlation between polarization and spin states has been previously shown, this will prove that the
spin-photon system is in the entangled state given by Equation 1. A convenient readout method is
to measure one of the spin state populations, and then bin at the particular spin precession time
if the readout is successful (make a time histogram for τ at positive readouts). To accomplish this,
one needs to somehow include the time dependent phase relationship in the measurement. This
can be done by rotating the spin basis before measuring the spin population. Such spin rotations
have been demonstrated in QDs by using optically detuned Raman pulses [8]. These rotations can
be expressed as an operator acting on the eigenvectors in the spin state basis,

R̂ =
1

2
√
(

1 1
−1 1

)

(83)

|x+〉=

(

1
0

)

, |x−〉=

(

0
1

)

(84)

The rotation of the post-selected state is then,

R̂ |ΨPost(τ )〉=
1

2 2
√
(

1 1
−1 1

)

(

e−i∆ωτ

1

)

(85)

R̂ |ΨPost(τ )〉=
1

2 2
√
(

1 +e−i∆ωτ

1− e−i∆ωτ

)

(86)

Readout of the spin-up population then gives,

∣

∣〈x+|R̂ |ΨPost(τ )〉
∣

∣

2 =
1

2
cos2

(

∆ω

2
τ

)

(87)

When population is measured upon probing the spin-up state after post-selection and spin
rotation, binning at the spin precession time results in a signal given by Equation 11. This demon-
strates the coherent relationship between correlated states, thus showing entanglement. Of course,
since the analysis here was largely done for an isolated spin-photon system, there is in actuality a
decay timescale for the signal. Although the spin states have an individual lifetime (spin flip) and
decoherence timescale, it is the optical transitions that limit the timescale of the decay since the
measurement depends upon spontaneous emission. This was determined to be roughly 600 ps in
Chapter IV. A plot of what the signal may look like for a modest peak number of counts is given
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in Figure 2.
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Figure 21. Modeling of the signal which shows coherence between the correlated spin-photon states. The

decay timescale is set at 600 ps, and the oscillation frequency is that for a dot in a magnetic field of 1 Tesla.

Poisson distributed noise is included.

iii. Experimental Setup

A timeline detailing the experiment is given in Figure 3. The first steps of the measurement
serve to prepare the system in the |Tx−〉 state. To start out, the population is optically pumped [9]
into the |x−〉 state by driving the spin up transition with a 3 ns square pulse (CW pulse). These
CW pulses are generated by gating a CW laser with an EOM modulated at 76 MHz, the same
process as described in Chapter IV. This step also serves as the readout for the previous run, which
will be gone into detail later. Initialization is completed by inverting the population to |Tx−〉 via
a 250 ps π-pulse. This pulse is generated using another EOM modulated at 76 MHz. Both pulses
are σ+ polarized.

|Tx+〉
|Tx−〉

|x+〉

|x−〉

σ+ ,  3 ns CW pulse

Optical pumping/ readout

for previous run

|Tx+〉
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-iVH
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|x−〉

Post-select σ−

|Tx+〉
|Tx−〉

|x+〉

σ+ ,  3 ps Raman /2 pulse

Rotate spins, prepare
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Figure 22. A timeline detailing the various stages of the experiment. Red dots denote where the population

is during each stage, and orange indicates various optical manipulations. Runs of the experiment occur at

a rate of 76 MHz.

After initialization, spontaneously emitted photons are post-selected for |σ−〉 using a quarter
waveplate and linear polarizer. The spin precession time, τ , is kept track of for detected photons.
In order to measure the coherence of the correlated states, the spins are rotated using an optically
detuned, 3 ps π/2-pulse from a mode-locked Ti:Sapphire laser with a repetition rate of 76 MHz.

Readout of the |x+〉 population is made during the next optical pumping stage. Detection of
a spontaneously emitted photon here results in binning at the system’s precession time, assuming
of course that there was also a detection during the post-selection stage. The end of this readout
process marks the beginning of the next run of the experiment.
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Figure 23. Schematic of the experimental setup. Light is polarized and post-selected using quarter wave-

plates and linear polarizers. A fifty-fifty beamsplitter allows for the use of two detectors. This is necessary

since the SPC electronics have a deadtime of 80 ns per channel.

A simplified diagram of the experimental setup is displayed in Figure 4. A linear polarizer and
quarter waveplate are placed before the optical cryostat containing the QD sample, which is cooled
to 5 K. Since all incoming light is polarized to σ+ , the quarter waveplate and crossed polarizer
on the transmission side blocks transmitted light at an extinction ratio of roughly 106. They also
serve to post-select the spin-photon system for |σ−〉. Spontaneously emitted light is passed through
a fifty-fifty beamsplitter which allows events to be recorded in either SPC channel. Events can be
discriminated by their arrival times, as demonstrated by the timeline in Figure 3. The sync sent
to the single photon counter is provided by the Ti:Sapphire laser system generating the rotation
pulses, such that the spin precession time is given by τ =13.2 ns−tarrival.

Important considerations for this experiment are the fidelity of the state preparations, as well as
the timing resolution needed to measure the coherence. It turns out that a tradeoff must be made
between these two aspects. Since all excitations are performed using σ+ polarized light, the process
is susceptible to driving the other transitions even given the detunings. To select out individual
transitions purely with frequency, the Zeeman splitting should be made as large as possible by
increasing the magnetic field. However, the relative phase between the correlated states oscillates
at a rate directly proportional to the splitting,

γPhase=
∆e Bx

2
(88)

where ∆e is around 6 GHz/Tesla. If a field of one Tesla is used, the features are on the timescale
of 300 picoseconds. Accordingly, the SPAPDs to be used in this experiment must have a timing
resolution significantly less than this timescale. Therefore, the fidelity for initialization is limited by
the timing resolution of the detectors used. Armed with the deconvolution techniques developed in
Chapter III, and detectors with a timing resolution of around 35 ps, splittings of around 10 GHz
should be feasible.

iv. Thesis Summary

In this work time resolved measurements of coherent processes in singly charged InAs SAQDs
were explored. Single photon counting provides a formidable tool in measuring coherence on
picosecond timescales, especially when equipped with deconvolution techniques. The combination
of these methods was able to experimentally reproduce models for Rabi oscillations in a two level
system, and as a result aided in characterization of the dot. Insight into the effects of spectral wan-
dering on the decoherence timescale for optical transitions in the time domain was also gained. Such
knowledge is important for assessing the SAQD’s usefulness as a quantum information carrier.

Most importantly, it was demonstrated that the SPC method can be utilized to show entangle-
ment between an InAs QD and a photonic qubit. This will be an important step towards realizing
an interface between QD qubits and a quantum communication channel. Also, it is a crucial
preliminary experiment for the more challenging measurement showing inter-QD entanglement.
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